
ABSTRACT

PROFILI, DANIEL ALBERT. Conditions for Eigenvalue Configurations of Two Real Symmetric
Matrices. (Under the direction of Hoon Hong).

For two real symmetric matrices, their eigenvalue configuration is the relative arrangement

of their eigenvalues on the real line. We consider the following problem: given two parametric

real symmetric matrices and an eigenvalue configuration, find a simple condition on the

parameters such that the two matrices have the given eigenvalue configuration.

The eigenvalue configuration problem generalizes Descartes’ rule of signs, which is a fun-

damental and widely used tool in computational real algebraic geometry, with numerous

applications in science and engineering. Hence we expect that the eigenvalue configuration

problem may have even more applications (for example: rank updates and constrained opti-

mization).

In this thesis, we develop two distinct approaches for this problem. In the first approach,

we solve the problem by producing a set of matrices whose entries are constructed from the

entries of the input matrices. The signatures of these new matrices determine the eigenvalue

configuration via a linear map which depends only on the sizes of the two matrices and not on

their entries. In the second approach, we solve the problem by producing a set of symmetric

polynomials whose roots are constructed from the eigenvalues of the input matrices. The

numbers of positive roots of these new polynomials determine the eigenvalue configuration

via another linear map which depends only on the sizes of the two matrices and not on their

entries.
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Chapter 1
Introduction

In this chapter, we give an informal overview of the problem, state the contributions of this

thesis, and provide some relevant mathematical background.

1.1 Problem and Motivation

For two real symmetric matrices F and G , their eigenvalue configuration is the relative arrange-

ment of their eigenvalues on the real line. In this thesis, we tackle the following problem: Given

two parametric real symmetric matrices and an eigenvalue configuration, find a quantifier-free

necessary and sufficient condition on the parameters so that the eigenvalue configuration of

the matrices is the given one.

For some historical context, a fundamental problem in computational algebra and geometry

is to determine quantifier-free necessary and sufficient conditions on the coefficients of a

polynomial such that its roots lie in a given subset of the complex plane. This problem appears

in a wide breadth of fields, including the theory of stable polynomials [1], combinatorics [2],

graph theory [3], and functional analysis [4], among others. The eigenvalue configuration

problem is a specific case of this problem.

The eigenvalue configuration problem generalizes Descartes’ rule of signs, which is a

fundamental and widely used (see e.g. [5], [6], [7]) tool in computational real algebraic geometry.

Recall that Descartes’ rule of signs states that, for a real polynomial g , the number of positive

real roots of g (counted with multiplicity) is bounded above by the sign variation count of the

coefficients of g ; i.e., the number of times consecutive coefficients change sign, ignoring zeros.

It is especially useful when the polynomial g has only real roots since the number of positive

real roots of g is exactly the sign variation count of the coefficients. Viewed as an eigenvalue

configuration problem, Descartes’ rule of signs can be thought of as determining the eigenvalue
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configuration of the 1 × 1 matrix F = [0] and a symmetric matrix G whose characteristic

polynomial is g . The eigenvalue configuration problem therefore extends Descartes’ rule of

signs by allowing two polynomials of arbitrary degrees; in addition, we reframe the problem

slightly by considering characteristic polynomials of real symmetric matrices, as these have

only real roots and occur naturally in many areas. Given the wide applicability of Descartes’

rule of signs, we expect that a generalization may have even more applications. Below, we list a

couple of potential applications.

• Rank update: Let F ∈Rn×n be symmetric and let r ≤ n . A rank-r update of F is

G = F +U C U T ,

where

U ∈Rn×r is orthogonal and satisfies rank(U U T ) = r,

C = diag(C1, . . . , Cr ) ∈Rr×r
>0 is diagonal.

A natural question is how the eigenvalues of F are impacted under a rank update; that is,

where are the relative locations of the eigenvalues of the updated matrix G .

When r = 1, there is a well-known and very useful result that each eigenvalue βi of G can

move some distance closer to αi+1, but cannot reach it; i.e., the eigenvalues interlace. A

natural followup question is what happens to eigenvalues of F under rank-r updates

for arbitrary r . Any progress in the eigenvalue configuration problem could provide a

systematic algebraic tool for studying rank updates.

• Constrained optimization: Consider a system defined parametrically by the real symmet-

ric matrices F = [ai j ] and G = [bi j ]. In many such systems, some desired characteristic or

constraint (e.g. stability) may be dependent on a certain configuration, c , of the eigenval-

ues of F and G . It may also be desirable to optimize some objective function p (ai j , bi j ) of

the system which depends on the parameters (e.g. to minimize cost or maximize profit),

giving the constrained optimization problem

optimize
ai j ,bi j

p (ai j , bi j )

subject to eigenvalues of F and G are arranged according to c .

However, there are two difficulties. First, the constraint refers to the eigenvalues of F

and G and therefore involves quantifiers (see Section 2.1 for more details) and there is
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no standard optimization theory for such constraints. Second, the objective function

depends on the parameters of F and G , while the constraint depends on the eigenvalues.

This is an issue because the eigenvalues of matrices larger than 4×4 cannot, in general,

be expressed in terms of field operations and radicals on the parameters. Hence, any

answer to this challenge would provide a method to obtain an equivalent constraint to

“eigenvalues of F and G are arranged according to c ” which has no quantifiers and is in

terms of the parameters ai j and bi j .

The eigenvalue configuration problem is essentially a special case of the real quantifier

elimination problem. Thus, it could in principle be solved using real quantifier elimination

algorithms and software tools (see e.g. [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23,

24, 25, 26, 27, 28, 29]). However, there are two major difficulties.

• The computation quickly becomes very time-consuming as m and n grow, making this

approach practically infeasible.

• The output formula looks chaotic, making it practically incomprehensible.

As a consequence of these limitations, we need to develop a specialized approach which

exploits the nature of the eigenvalue configuration problem.

1.2 Contributions

In this section, we summarize the original contributions in this thesis.

• Chapter 2: We tackle the eigenvalue configuration problem for generic pairs of matrices;

that is, pairs of matrices that do not share any eigenvalues.

– Section 2.1: We first develop a notion of eigenvalue configuration for generic pairs

of matrices F and G .

– Section 2.2: We give an approach based on the signature of matrices. We solve the

problem by producing a set of matrices whose entries are constructed from the

entries of the input matrices. The signatures of these new matrices determine the

eigenvalue configuration via a linear map which depends only on the sizes of the

two matrices and not on their entries.

– Section 2.3: We give an entirely distinct approach based on the theory of symmetric

polynomials. We solve the problem by producing a set of symmetric polynomi-

als whose roots are constructed from the eigenvalues of the input matrices. The
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numbers of positive roots of these new polynomials determine the eigenvalue

configuration via another linear map which depends only on the sizes of the two

matrices and not on their entries.

• Chapter 3: We tackle the eigenvalue configuration problem for arbitrary pairs of matrices

by extending the above results for the generic case.

– Section 3.1: We generalize the definition of eigenvalue configuration to arbitrary

pairs of matrices. For an arbitrary pair of matrices F and G , its eigenvalue configu-

ration is defined as the average eigenvalue configuration over all sufficiently small

perturbations of the eigenvalues of F .

– Section 3.2: We prove that the result from Section 2.2 still holds for arbitrary pairs of

matrices.

– Section 3.3: We prove that the result from Section 2.3 holds, with a slight extension,

for arbitrary pairs of matrices.

1.3 Background

In this section, we will discuss previous work in this area, as well as some mathematical pre-

liminaries. To our knowledge, there has not been any published work directly concerning the

eigenvalue configuration problem, or any other generalization of Descartes’ rule of signs to

multiple univariate polynomials. Hence, in this section, we will focus on the fundamental tools

we will use in this thesis from the areas of real algebraic geometry, combinatorics, and real

polynomials.

Real symmetric matrices

Throughout this thesis, most matrices will be real symmetric. We rely heavily on the fact that

all eigenvalues of real symmetric matrices are real.

Theorem 1. Let A ∈Rn×n be a real symmetric matrix. Then every eigenvalue of A is real.

Proof. Let λ be an arbitrary (not necessarily real) eigenvalue of A. Then there exists a nonzero

vector v ∈Rn so that Av =λv . Let ∗ denote the complex conjugate of a matrix or vector. Taking

the complex conjugate of both sides, we have that

(Av )∗ = (λv )∗ = A∗v ∗ =λ∗v ∗.
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Since A is real, we have A∗ = A. Thus Av ∗ =λ∗v ∗. Further, since A is symmetric, we have AT = A.

Thus we have

(v ∗)T Av = (v ∗)Tλv =λ(v ∗ · v ).

On the other hand,

(v ∗)T Av = (Av ∗)T v = (λ∗v ∗)T v =λ∗(v ∗ · v ).

Hence λ(v ∗ · v ) = λ∗(v ∗ · v ). Since v is nonzero, we have v ∗ · v ≠ 0, which implies λ = λ∗.

Therefore λ is real.

Real quantifier elimination

While developing the eigenvalue configuration problem in Chapters 2 and 3, we refer to the

fact that quantifier elimination is feasible over the real numbers. Quantifier elimination (over

the real numbers) refers to the following problem.

Problem 2 (Quantifier elimination over the real numbers).

In: P , a quantified Boolean combination of polynomial equalities and inequalities involving

real variables

Out: Q , an equivalent quantifier-free Boolean combination of polynomial equalities and in-

equalities in the free variables of P

An algorithm solving this problem was first given by the logician Alfred Tarski in [30] as the

proof of the following theorem.

Theorem 3 (Tarski). For every quantified Boolean combination of polynomial equalities and

inequalities involving real variables, there exists an equivalent quantifier-free Boolean combi-

nation of polynomial equalities and inequalities in the free variables.

Descartes’ rule of signs

The fundamental real root counting tool we will use heavily throughout the thesis is Descartes’

rule of signs [31], which allows us to count the number of positive roots of a polynomial via the

signs of its coefficients.
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Definition 4 (Sign variation count). Let f = am x m + · · · + a1 x + a0 ∈ R[x ]. The sign vari-

ation count of f , denoted v ( f ), is the number of times adjacent elements in the sequence

(am , am−1, . . . , a1, a0) have opposite sign, ignoring zeros.

At times, we will overload the symbol v to refer to the sign variation count of a sign sequence

instead, which is defined similarly.

Example 5.

1. v (x 2+ x +1) = 0

2. v (x 4−1) = 1

3. v (x 7− x 6+ x −1) = 3

4. v (+,−,+,−) = 3.

△

Theorem 6 (Descartes’ rule of signs). Let f ∈R[x ]. Let p ( f ) denote the number of positive real

roots of f , counting with multiplicity. Then p ( f )≤ v ( f ).

Proof. We proceed by induction on the degree of f . For the base case, if deg f = 0, then clearly

p ( f ) = 0 and v ( f ) = 0; thus the claim holds for deg f = 0.

Now suppose the claim holds for deg f < n . It suffices to show the claim holds for deg f = n .

Let f = ak x ek + · · ·+a0 x e0 , where

• ak , . . . , a0 ̸= 0

• ek > ek−1 > · · ·> e0 ≥ 0.

We will now split the proof into cases.

e0 > 0 : Let f = f /x e0 = ak x ek−e0 + · · ·+ a0 x 0. Note that deg f < deg f = n . Further, note that

p ( f ) = p ( f )≤ v ( f ) = v ( f ). Hence, the claim holds.

e0 = 0 : Let f = f ′/x e1−1 = ak ek x ek−e1 + · · ·+a1e1. We further split this case into two sub-cases.

a1a0 < 0 : Note that v ( f ) = v ( f ) +1. Further, by Rolle’s theorem, we have p ( f )≤ p ( f ) +1.

Therefore p ( f )≤ p ( f ) +1≤ v ( f ) +1= v ( f ).

a1a0 > 0 : This case is treated similarly to the previous case.
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Since in this work we deal exclusively deal with polynomials having only real roots, we will

rely heavily on the following corollary to Descartes’ rule of signs.

Corollary 7. If all roots of f are real, then p ( f ) = v ( f ).

Proof. From Theorem 6, we have

1. p ( f )+d1 = v ( f ), for some d1 ≥ 0

2. n ( f )+d2 = v ( f (−x )), for some d2 ≥ 0, where n ( f ) denotes the number of negative real

roots of f , counting multiplicity.

Further, we have that z ( f ) = taildeg( f ), where z ( f ) denotes the multiplicity of zero as a root

of f . Adding those together, we have

p ( f )+n ( f ) + z ( f )+d1+d2 = v ( f )+ v ( f (−x )) + taildeg( f ).

Since all roots of f are real, we have

deg f +d1+d2 = v ( f )+ v ( f (−x )) + taildeg( f ).

By induction on the number of terms of f , one can show that v ( f )+v ( f (−x ))+taildeg( f )≤ deg f .

Putting these together, we get

deg f +d1+d2 ≤ deg f .

Since d1+d2 ≤ 0, this means that d1 = d2 = 0. Therefore

p ( f ) +d1 = p ( f ) = v ( f ).

Example 8. Let f = (x −1)(x +2)(x +3) = x 3+4x 2+ x −6. Clearly f has only real roots and has

exactly one positive root. Note

v ( f ) = v (x 3+4x 2+ x −6) = 1

= p ( f ).

△
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Generalized real root counting

In the development of the signature approach in Chapters 2 and 3, we will leverage an algorithm

which solves the univariate generalized real root counting problem, which refers to the following

problem.

Problem 9.

In: f , g1, . . . , g r ∈R[x ]

Out: N ∈N3r
whose entries are indexed by s ∈ {−, 0,+}r where

Ns = {x ∈R : f (x ) = 0 ∧ sign(g1(x ), . . . , g r (x )) = s }.

The solution to this problem relies on the notion of the signature of a matrix.

Definition 10 (Signature of a matrix). The signature of a square matrix M , denotedσ(M ), is

σ(M ) = # positive eigenvalues of M − # negative eigenvalues of M .

Theorem 11 (Ben-Or, Kozen, Reif [32]). Let

• S ∈Z3r
be a column vector whose entries are indexed by e ∈ {0, 1, 2}r where Se =σ(g

e1
1 · · ·g er

r )

• H ∈Z3r×3r
be the matrix given by H =H 1⊗ · · ·⊗H 1

︸ ︷︷ ︸

r

where H 1 =







1 1 1

−1 0 1

1 0 1






.

Then N =H
−1

S.

Proof. We will prove a stronger claim since it is easier for an inductive argument. For this, we

will use two shorthand notations.

H r = H 1⊗ · · ·⊗H 1
︸ ︷︷ ︸

r

and H 0 = [1] , the 1×1 matrix.

〈e1 · · ·ei | si+1 · · · sr 〉 = #
�

x ∈R : f (x ) = 0, g e1
1 · · ·g

ei
i > 0, sign

�

g i+1

�

= si+1, . . . , sign
�

g r

�

= sr

	

−

#
�

x ∈R : f (x ) = 0, g e1
1 · · ·g

ei
i < 0, sign

�

g i+1

�

= si+1, . . . , sign
�

g r

�

= sr

	

If ei or si are replaced with ∗i then they are expanded lexicographically with 0,1,2 or −,0,+
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respectively. For example

〈e1 ∗2 | s3∗4〉=



































〈e10 | s3−〉
〈e10 | s30〉
〈e10 | s3+ 〉
〈e11 | s3−〉
〈e11 | s30〉
〈e11 | s3+ 〉
〈e12 | s3−〉
〈e12 | s30〉
〈e12 | s3+ 〉



































Now we are ready to state a stronger claim.

Claim: ∀
0≤k≤r

∀
e1,...,ek∈{0,1,2}

〈e1 · · ·ek ∗k+1 · · · ∗r |〉=H r−k 〈e1 · · ·ek | ∗k+1 · · · ∗r 〉.

Note that the theorem is an instance (k = 0) of the above claim, since

S = 〈∗1 · · · ∗r |〉=H r 〈| ∗1 · · · ∗r 〉=H r N .

We will prove the claim by induction on k , from k = r down to k = 0. The claim obviously holds

for k = r since H 0 = [1]. Assume that the claim holds for k +1. We will to show that the claim

holds for k . Let e1, . . . , ek ∈ {0, 1, 2} be arbitrary but fixed. We need to show

〈e1 · · ·ek ∗k+1 · · · ∗r |〉=H r−k 〈e1 · · ·ek | ∗k+1 · · · ∗r 〉 .

Note

〈e1 · · ·ek ∗k+1 · · · ∗r |〉

=







〈e1 · · ·ek 0 ∗k+2 · · · ∗r |〉
〈e1 · · ·ek 1 ∗k+2 · · · ∗r |〉
〈e1 · · ·ek 2 ∗k+2 · · · ∗r |〉







=







H r−(k+1) 〈e1 · · ·ek 0 | ∗k+2 · · · ∗r 〉
H r−(k+1) 〈e1 · · ·ek 1 | ∗k+2 · · · ∗r 〉
H r−(k+1) 〈e1 · · ·ek 2 | ∗k+2 · · · ∗r 〉






by applying the induction hypothesis to each block

=







H r−(k+1) ( 〈e1 · · ·ek | − ∗k+2 · · · ∗r 〉 + 〈e1 · · ·ek | 0 ∗k+2 · · · ∗r 〉 + 〈e1 · · ·ek | + ∗k+2 · · · ∗r 〉 )
H r−(k+1) ( 〈e1 · · ·ek | + ∗k+2 · · · ∗r 〉 − 〈e1 · · ·ek | − ∗k+2 · · · ∗r 〉 )
H r−(k+1) ( 〈e1 · · ·ek | − ∗k+2 · · · ∗r 〉 + 〈e1 · · ·ek | + ∗k+2 · · · ∗r 〉 )






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=







H r−(k+1) H r−(k+1) H r−(k+1)

−H r−(k+1) H r−(k+1)

H r−(k+1) H r−(k+1)













〈e1 · · ·ek | − ∗k+2 · · · ∗r 〉
〈e1 · · ·ek | 0 ∗k+2 · · · ∗r 〉
〈e1 · · ·ek | + ∗k+2 · · · ∗r 〉







=
�

H 1⊗H r−(k+1)

�

〈e1 · · ·ek | ∗k+1 · · · ∗r 〉

=H r−k 〈e1 · · ·ek | ∗k+1 · · · ∗r 〉

Rolle’s theorem

During our development of the signature approach in Chapter 2, we will use Rolle’s theorem to

establish some properties of polynomials having only real roots.

Theorem 12 (Rolle, 1691). Let f ∈R[x ] and let a < b ∈R be such that f (a ) = f (b ) = 0. Then

there exists c ∈ (a , b ) so that f ′(c ) = 0.

The proof can be found in most introductory real analysis texts; for example, [33].

Symmetric polynomials

During our development of the symmetric polynomials approach in Chapter 2, we will use the

theory of symmetric polynomials. A symmetric polynomial is a multivariate polynomial which

is invariant under every permutation of the indices of the variables.

Example 13. Let

h (x1, x2) = x1 x2+ x1+ x2 ∈R[x1, x2]

and consider a permutation τ of two elements. Clearly, if τ is the identity permutation, then we

have h (xτ(1), xτ(2)) = h (x1, x2). If τ is the permutation which swaps 1 and 2, then

h (xτ(1), xτ(2)) = h (x2, x1)

= x2 x1+ x2+ x1

= x2 x1+ x2+ x1

= h (x1, x2).

Thus, h (x1, x2) = h (xτ(1), xτ(2)) for every permutationτ of two elements. Therefore h is a symmetric

polynomial. △
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Definition 14. Let x = (x1, . . . , xn ) and let

e1(x ) =
∑

1≤i1≤n

xi1

e2(x ) =
∑

1≤i1<i2≤n

xi1
xi2

...

ek (x ) =
∑

1≤i1<···<ik≤n

xi1
· · · xik

...

en (x ) ==
∑

1≤i1<···<in≤n

xi1
· · · xin

.

The polynomial ek (x ), or just ek when the list of variables is clear, is called the k -th elementary

symmetric polynomial on the variables x = (x1, . . . , xn ).

Example 15. For x = (x1, x2), we have

e1(x ) =
∑

1≤i1≤2 xi1
= x1+ x2

e2(x ) =
∑

1≤i1<i2≤2 xi1
xi2

= x1 x2.

△

Example 16. For x = (x1, x2, x3, x4), we have

e1(x ) =
∑

1≤i1≤4 xi1
= x1+ x2+ x3+ x4

e2(x ) =
∑

1≤i1<i2≤4 xi1
xi2

= x1 x2+ x1 x3+ x1 x4+ x2 x3+ x2 x4+ x3 x4

e3(x ) =
∑

1≤i1<i2<i3≤4 xi1
xi2

xi3
xi4

= x1 x2 x3+ x1 x2 x4+ x1 x3 x4+ x2 x3 x4

e4(x ) =
∑

1≤i1<i2<i3<i4≤4 xi1
xi2

xi3
xi4

= x1 x2 x3 x4

△

Our symmetric polynomials approach relies on the Fundamental Theorem of Symmetric

Polynomials, which is the fact that any symmetric polynomial can be written in terms of the

elementary symmetric polynomials.

Theorem 17 (Fundamental Theorem of Symmetric Polynomials [34]).

Let h ∈R[x1, . . . , xn ] be a symmetric polynomial and let x = (x1, . . . , xn ). Then there exists a

11



polynomial u ∈R[y1, . . . , yn ] such that

h = u (e1(x ), . . . , en (x )).

Proof. We prove constructively by giving an algorithm adapted from [35].

Algorithm 18 (Fundamental Theorem of Symmetric Polynomials (FTSP)).

In: h ∈R[X ] symmetric polynomial

x = (x1, . . . , xn ), a list of variables

Out: u ∈R[y1, . . . , yn ] such that h = u (e1(x ), . . . , en (x ))

1. If n = 1 or totaldeg(h ) = 0 then

(a) u← h (y1, . . . , yn )

(b) Return u

2. hn ← h (x1, . . . , xn−1, 0)

3. un ← FTSP(hn , (x1, . . . , xn−1))

4. g ← un (e1, . . . , en−1)

5. d ← (h − g )/en

6. w ← F T SP (d , (x1, . . . , xn ))

7. u←w yn +un

8. Return u

Example 19. Let h = x 2
1 x 2

2 − 2x1 x2 + x1 + x2 ∈ R[x1, x2]. By inspection, one can see that h is

symmetric. The elementary symmetric polynomials in R[x1, x2] are

e1(x ) = x1+ x2

e2(x ) = x1 x2.

Now observe that

h = x 2
1 x 2

2 −2x1 x2+ x1+ x2

12



= (x1 x2)
2−2(x1 x2) + (x1+ x2)

= (e2)
2−2e2+ e1.

Hence, if u = y 2
2 −2y2+ y1, then

u (e1(x ), e2(x )) = e 2
2 −2e2+ e1

= (x1 x2)
2−2(x1 x2) + (x1+ x2)

= h (x1, x2).

△
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Chapter 2
Generic Pairs of Symmetric Matrices

In this chapter, we give two different approaches for the eigenvalue configuration problem for

“generic” pairs of input matrices (i.e., the matrices do not share eigenvalues). In Chapter 3, we

will generalize this to arbitrary pairs.

2.1 Problem Statement

In this section, we will state the problem precisely.

Defining eigenvalue configuration

First, we will construct a suitable definition of eigenvalue configuration of generic pairs of

matrices. Let F ∈ Rm×m and G ∈ Rn×n be real symmetric matrices. First, let us consider the

simplest case when F and G have only simple eigenvalues and do not share any eigenvalues.

Since F and G are real symmetric, all their eigenvalues are real. This means we can meaningfully

consider the ordering of both matrices’ eigenvalues on the real line.

Consider the following example. Suppose F and G are 3×3 real symmetric matrices such

that their eigenvalues are arranged as in the following diagram, where the red points denote

eigenvalues of F and blue points denote eigenvalues of G .

Our goal is to define a notion of eigenvalue configuration which encapsulates the informa-

tion depicted by diagram. One natural way to do this is to count the number of blue points

between each pair of red points. In this example, there are 3 red points, and so they partition

the real line into 4 open intervals. Then, we count the number of blue points in each interval,
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as in the diagram below.

# = 1 # = 0 # = 1 # = 1

The number of blue points in each of these intervals is, respectively, (1, 0, 1, 1). Note that the

sum of the entries of this vector is exactly the number of eigenvalues of G . Since all roots of G

are real, we can save some space by omitting one of the counts; by arbitrary choice, we can

omit the first count (i.e. the number of blue points which lie to the left of the first red point),

which could later be reobtained by adding up the remaining entries and subtracting from the

size of G . Thus, in this case, we will encode the eigenvalue configuration as (0, 1, 1).

Note that this definition is inherently biased. We could just as easily have instead counted

the number of red points between each pair of blue points. This choice is mostly arbitrary;

however, in many potential applications (some of which we discuss in the next section), we are

interested in the eigenvalue configuration of a matrix F and another matrix derived by F ; for

example, one might consider a perturbation of the entries of F to study how the eigenvalues

change. In these contexts, it is natural to bias our definition in favor of F as the “base” matrix.

Now, we will make this definition precise. First, we introduce some notation.

Notation 20.

1. Let F = [ai j ] ∈Rm×m and G = [bi j ] ∈Rn×n be real symmetric matrices.

2. Let α= (α1, . . . ,αm ) be the eigenvalues of F .

Let β =
�

β1, . . . ,βn

�

be the eigenvalues of G .

Since F and G are real symmetric, all their eigenvalues are real. Thus without losing

generality, let us index the eigenvalues so that α1 ≤α2 ≤ · · · ≤αm and β1 ≤β2 ≤ · · · ≤βn .

3. Let At denote the set {x ∈R :αt < x <αt+1} for t = 1, . . . , m , where αm+1 =∞.

We have already addressed the case where F and G have simple and distinct eigenvalues; in

that case, the eigenvalue configuration is the vector c = (c1, . . . , cm )where ct = #{i :βi ∈ At }.
Next, let us generalize slightly to the case where F and G still do not share eigenvalues, but

multiple eigenvalues are allowed. We will refer to this case often in the rest of the thesis, so we

will give a special name.

Definition 21 (Generic). We say that the pair of real symmetric matrices F and G is generic if

F and G do not share eigenvalues.
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Note that this definition describes a property of pairs of matrices. We may sometimes be more

casual with this phrasing and simply say that “F and G are generic matrices.”

The motivation for this terminology is the fact that if F and G are generic, then sufficiently

small perturbation of the eigenvalues of F and G preserves the relative arrangement of their

eigenvalues.

In the case of generic matrices which do contain multiple (repeated) eigenvalues, we can

use the previous definition with one minor caveat. For instance, suppose F and G are such

that their eigenvalues are arranged as in the following diagram.

In this case, the only extra consideration we need to make is that the interval between the

first two red points is the empty set, so the corresponding entry in the eigenvalue configuration

vector will be zero. This leads to the following definition for the eigenvalue configuration of

generic matrices.

Definition 22 (Eigenvalue configuration for generic matrices). The eigenvalue configuration of

generic pairs of matrices F and G , written as GEC (F,G ), is the tuple

c = (c1, . . . , cm )

where

ct = #{i :βi ∈ At }.

Example 23 (Eigenvalue configuration of generic matrices). Let F ∈ R5×5 and G ∈ R7×7 be

symmetric matrices such that their corresponding eigenvalues are

α= (0, 0, 3, 9, 12), β = (−1, 2, 4, 4, 8, 10, 10).

Note that F and G are generic since they do not share any eigenvalues. The eigenvalues are

arranged on the real line as in the following diagram.

α1

α2

α3 α4 α5β1 β2 β3

β4

β5 β6

β7
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Then
A1 = (α1,α2)

A2 = (α2,α3) ∋β2

A3 = (α3,α4) ∋β3,β4,β5

A4 = (α4,α5) ∋β6,β7

A5 = (α5,∞)

Therefore

GEC(F,G ) = (0, 1, 3, 2, 0).

Note that we counted eigenvalues of G with multiplicity. △

Stating the problem

Now, we will state the problem precisely. The goal of this thesis is to develop two algorithms for

the following problem.

Problem 24 (Generic eigenvalue configuration problem).

In: F ∈R[p ]m×m and G ∈R[p ]n×n , generic pair of symmetric matrices where p is a finite set of

parameters.

c ∈Nm , an eigenvalue configuration.

Out: a “simple condition” on p such that c =GEC (F,G ).

Let us now clarify precisely what the problem is and what the challenge is. This amounts

to clarifying what “simple condition” means. To illustrate, consider the following example.

Suppose that F and G are generic. We will write down an equivalent condition for c =GEC(F,G )
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by explicitly writing all quantifiers and all implicit assumptions. We have

c =GEC (F,G ) ⇐⇒ ∃
α1,...,αm

β1,...,βn
α1≤···≤αm

β1≤···≤βn

∧











































∧

1≤i≤m
|αi Im − F |= 0

∀
x
|x Im − F |= 0=⇒ (x =α1 ∨ · · · ∨ x =αm )
∧

1≤i≤n

�

�βi In − F
�

�= 0

∀
x
|x In −G | = 0=⇒

�

x =β1 ∨ · · · ∨ x =βn

�

∧

1≤ j≤c0

β j <α1

∧

c0+1≤ j≤c0+c1

α1 <β j <α2

...
∧

c0+···+cm−1+1≤ j≤c0+···+cm−1+cm

αm <β j











































(2.1)

where c0 is a short hand for n−c1−· · ·−cm . The top block states that all the eigenvalues of F are

exactly α1, . . . ,αm . The middle block states that all the eigenvalues of G are exactly β1, . . . ,βn .

The bottom block states that the eigenvalue configuration is given by c , and that F and G are

generic.

Obviously, the above is a condition on the parameters of F and G so that their eigenvalues

are arranged in the given way. However, it is not “simple” in the sense that the expression

involves quantified variables α, β , and x .

Note that the whole expression (2.1) is a quantified Boolean combination of polynomial

equations and inequalities; in other words, it is a well-formed formula in the first-order theory

of real closed fields. Alfred Tarski’s celebrated theorem (Theorem 3) on real closed fields states

that every first-order formula in the theory of real closed fields is equivalent to a quantifier-free

formula [30]. Thus, by “simple condition”, we mean a quantifier-free formula in the parameters

of F and G ; concretely, this means an expression which can be readily rewritten as a Boolean

combination of equalities and inequalities of polynomials in the parameters of F and G .

Another important consideration in what constitutes a simple condition is the size and

complexity of the output. In particular, Tarski’s theorem guarantees that any quantified for-

mula over the real numbers can be written as a quantifier-free formula in the language of

the reals; precisely, this means a logical condition involving only real variables, polynomial

ring operations, equality and inequality symbols, and logical conjunction and disjunction.

However, such expressions can be unwieldy and difficult to understand, particularly when pro-

duced by general quantifier elimination algorithms. To mitigate this, we can introduce certain

higher-level language constructs to improve the readability and reduce the size of the output

condition. In this thesis, we will provide output conditions which allow the higher-level matrix
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operations of multiplication, inverse, signature, and sign variation count. These high-level

operations significantly reduce the complexity of the output, and we allow them because they

can be trivially expanded into a quantifier-free Boolean combination of polynomial equalities

and inequalities in the entries of the matrices.

Thus, the challenge is to produce a quantifier-free formula for all m and n efficiently and

in a structured form using only real numbers, equality, matrix arithmetic, sign variation count,

and matrix signature.

Remark 25. Note that in Problem 24 there is an implicit condition on p so that F and G are a

generic pair. As a result, the problem can be written in as finding a quantifier-free condition P

such that

∀
p :F,G generic

�

c =GEC(F,G ) ⇐⇒ P (c , p )
�

.

2.2 Signature Approach

In this section, we will solve the generic eigenvalue configuration problem using an approach

based on the signature of matrices.

2.2.1 Main Theorem

In this subsection, we will state the main theorem for the signature approach. For this, we

introduce the two central notions used in the main result. The first is a combinatorial object

which depends only on the size of F , and the second is an algebraic object constructed from

the parameters of F and G .

Definition 26 (Combinatorial part, signature approach). The matrix Csig ∈Qm×2m
is defined as

Csig =Vm H −1
m

where

1. Hm is the 2m × 2m Hadamard matrix whose rows are indexed by e ∈ {0,1}m and whose

columns are indexed by s ∈ {−,+}m where

(Hm )e ,s = s e1
1 · · · s

em
m ,

where − is treated as −1 and + treated as 1 in the calculation.

We will drop the subscript and call this matrix H when the context is clear.
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Equivalently, one could define Hm as

Hm =H1⊗ · · ·⊗H1
︸ ︷︷ ︸

r

,

where H1 =

�

1 1

−1 1

�

. Note that this is a special case of the H matrix which appears in

Theorem 11, where the rows and columns corresponding to the zero entries are removed.

2. Vm ∈Zm×2m
is the matrix whose rows are indexed by t ∈ [1, . . . , m ] and whose columns are

lexicographically indexed by s ∈ {−,+}m where

(Vm )t ,s =δv (s ,+),m−t

where δ denotes the Kronecker delta function, and v (s ,+) is the sign variation count of

the sequence obtained by appending a + to s ; that is, the number of times two consecutive

elements of (s ,+) are opposite sign, ignoring zeros.

We will drop the subscript and call this matrix V when the context is clear.

Example 27. Let m = 2. We will produce the matrix Csig.

1. First, we construct H2.

H2 =

















e \s −− −+ +− ++

00 1 1 1 1

01 −1 1 −1 1

10 −1 −1 1 1

11 1 −1 −1 1

















Explanations on a few entries:

(H2)01,−− = (−1)0(−1)1 =−1

(H2)00,−+ = (−1)0(1)0 = 1

(H2)11,+− = (1)
1(−1)1 =−1.

2. Then, we construct V2.

V2 =







t \s −− −+ +− ++

1 1 1 0 0

2 0 0 0 1






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Explanations on a few entries:

V1,−− =δv (−−+),2−1 =δ1,1 = 1

V2,−− =δv (−−+),2−2 =δ1,0 = 0

V2,++ =δv (+++),2−2 =δ0,0 = 1.

Putting these together, we get that

Csig =V2H −1
2

=

�

1 1 0 0

0 0 0 1

�











1 1 1 1

−1 1 −1 1

−1 −1 1 1

1 −1 −1 1











−1

=

�

1
2 0 − 1

2 0
1
4

1
4

1
4

1
4

�

.

△

Definition 28 (Algebraic part, signature approach). Asig, or Asig(F,G ) to emphasize the depen-

dence on the entries of F and G , is the column vector of length 2m whose entries are indexed by

e ∈ {0, 1}m where
�

Asig

�

e
=σ( fe (G ))

where

• σ denotes the signature of a matrix (i.e., the difference between the number of positive

eigenvalues and number of negative eigenvalues)

• f is the characteristic polynomial of F

• fe is the polynomial

fe =
�

f (0)
�e0 · · ·

�

f (m−1)
�em−1 ,

with f (k ) denoting the k -th derivative of f .

Example 29. Let m = 2 and n = 3. Then let F and G be matrices where each entry is an
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independent parameter; that is,

F =

�

a1,1 a1,2

a1,2 a2,2

�

, G =







b1,1 b1,2 b1,3

b1,2 b2,2 b2,3

b1,3 b2,3 b3,3






.

We will compute one of the entries of Asig(F,G ). By Definition 28 we have that

Asig =











σ( f00(G ))

σ( f01(G ))

σ( f10(G ))

σ( f11(G )).











As an example, consider e = (0, 1). We will compute f01(G ). We have

f = det(x I2− F ) = x 2+ (−a2,2−a1,1)x +a2,2a1,1−a 2
1,2

f(0,1) = f (0)
0

f (1)
1

= 2x −a2,2−a1,1.

Next, we compute

f(0,1)(G ) = 2G + (−a2,2−a1,1)I3

= 2







b1,1 b1,2 b1,3

b1,2 b2,2 b2,3

b1,3 b2,3 b3,3






+ (−a2,2−a1,1)







1 0 0

0 1 0

0 0 1







=







−a2,2−a1,1+2b1,1 2b1,2 2b1,3

2b1,2 −a2,2−a1,1+2b2,2 2b2,3

2b1,3 2b2,3 −a2,2−a1,1+2b3,3







Finally, we have that

σ( f01(G )) = #positive eigenvalues of f01(G ) − #negative eigenvalues of f01(G ),

which clearly depends on the particular values of the parameters of F and G . △ △

Now, we are ready to state the main theorem which relates these two notions.

Theorem 30 (Signature approach for generic pairs of matrices). Let F ∈Rm×m and G ∈Rn×n be
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a pair of generic real symmetric matrices. We have

GEC (F,G ) = Csig Asig(F,G ).

Remark 31. Note that the entries of the symmetric matrices fe (G ), whose signatures make up the

vector Asig(F,G ), are polynomials in the parameters ai j of F and bi j of G . Hence, their signatures

can easily be written as conditions on polynomials in the parameters of F and G since Descartes’

rule of signs on the characteristic polynomial gives exact counts of the numbers of positive and

negative eigenvalues. Thus the condition is quantifier-free.

Remark 32. The reader may notice that the main theorem in this section is stated almost

identically to Theorem 66 which appears in the next section. However, they are completely

different results, as C and A are defined as completely different concepts for each approach.

The main theorem in this section is based on the signature of matrices while the main theorem

in the next section is based on symmetric polynomials. However, in both theorems, there is a

combinatorial part and an algebraic part; hence, we structure the theorem statements similarly

to emphasize the super-structural similarities and the conceptual differences.

Example 33 (General case with parametric matrices). Let m = 2 and n = 3 and let F and G be

as in Example 29; that is,

F =

�

a11 a12

a12 a22

�

, G =







b11 b12 b13

b12 b22 b23

b13 b23 b33






,

where each ai j and bi j is a fully independent parameter. We will now use Theorem 30 to write

a condition on the parameters of F and G which is equivalent to the eigenvalues of F and G

being arranged as in the diagram below.

α1 α2β3β2β1

That is, we will find a condition for GEC(F,G ) =

�

1

0

�

. By Theorem 30, we have that

GEC(F,G ) =

�

1

0

�

⇐⇒

�

1

0

�

=Csig Asig(F,G ).
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In Example 27, we found that

Csig =

�

1
2 0 − 1

2 0
1
4

1
4

1
4

1
4

�

,

and from Example 29 we have

Asig(F,G ) =











σ( f00(G ))

σ( f01(G ))

σ( f10(G ))

σ( f11(G ))











.

Thus by Theorem 30 we have

GEC(F,G ) =

�

1

0

�

⇐⇒

�

1

0

�

=

�

1
2 0 − 1

2 0
1
4

1
4

1
4

1
4

�











σ( f00(G ))

σ( f01(G ))

σ( f10(G ))

σ( f11(G ))











.

With the fact that −m ≤ σ( fe (G )) ≤ m, one can brute force the solutions to the above linear

system and find that

GEC(F,G ) =

�

1

0

�

~

w

�











σ( f00(G ))

σ( f01(G ))

σ( f10(G ))

σ( f11(G ))











∈





























0

0

−2

2











,











0

1

−2

1











,











0

2

−2

0











,











1

−2

−1

2











,











1

−1

−1

1











,











1

0

−1

0











,











1

1

−1

1











,











1

2

−1

−2











,











2

−2

0

0











,











2

−1

0

−1











,











2

0

0

−2





























.

Note that all the work done in this example used only m and did not depend on n; thus, the

above set of possible signature vectors could be pre-computed for fixed m and used to construct a

condition for any m ×m matrix F and any n ×n matrix G (for arbitrary n) having the same

eigenvalue configuration. △

Example 34 (Matrices with only one parameter). In Example 33, we studied F and G which

were symmetric matrices, each of whose elements was an independent parameter. However, it

need not be the case that each entry is an independent parameter. We would, for instance, have

the entries of both matrices be polynomials in some smaller list of parameters. Consider, for
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example, the matrices

F =

�

1 −2

−2 1

�

and

G =







1 p 2+p p +1

p 2+p −p p −1

p +1 p −1 p






,

where p is a (single) parameter. Suppose we wish to know for which values of p the eigenvalues

of the matrix G interlace with that of F ; that is, when GEC(F,G ) = (1,1). By Theorem 30 and

reusing the computation from Example 27, we have that

GEC(F,G ) =

�

1

1

�

⇐⇒

�

1

1

�

=Csig Asig(F,G )

⇐⇒

�

1

1

�

=

�

1
2 0 − 1

2 0
1
4

1
4

1
4

1
4

�











σ( f00(G ))

σ( f01(G ))

σ( f10(G ))

σ( f11(G ))











, (2.2)

where

σ( f00(G )) =σ













1 0 0

0 1 0

0 0 1













σ( f01(G )) =σ













0 2p 2+2p 2p +2

2p 2+2p −2−2p 2p −2

2p +2 2p −2 2p −2













σ( f10(G )) =σ













p 4+2p 3+2p 2+2p −3 −p 3−p 2−p −1
�

p −1
� �

p +1
�2

−p 3−p 2−p −1 p 4+2p 3+3p 2−2 p 3+2p 2−p +2
�

p −1
� �

p +1
�2

p 3+2p 2−p +2 3p 2−2p −1













σ( f11(G )) =σ

�







−2p 5−2p 4−4p 2−6p −2 2p 6+6p 5+12p 4+12p 3−2p 2−2p +4 2
�

p 3+p 2+p −1
� �

p +1
�2

2p 6+6p 5+12p 4+12p 3−2p 2−2p +4 −4p 5−8p 4−12p 3−16p 2+8p 2p 5+2p 4−16p 2−2p −2

2
�

p 3+p 2+p −1
� �

p +1
�2

2p 5+2p 4−16p 2−2p −2 4
�

p −1
� �

p 3+4p 2+1
�







�

.

Taking into account the fact that −m ≤σ( fe (G ))≤m, one can find integer vector solutions to
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the linear system by brute force and find that (2.2) is equivalent to the condition











σ( f00(G ))

σ( f01(G ))

σ( f10(G ))

σ( f11(G ))











∈





























1

2

−1

2











,











2

0

0

2











,











2

1

0

1











,











2

2

0

0





























.

Note that the above is a condition which depends only on the parameter p and not on the

eigenvalues of F and G . As stated previously, the signatures of each (real symmetric) matrix fe (G )

can be expanded using Descartes’ rule of signs to express the positive and negative eigenvalues of

fe (G ) in terms of the sign variation count of the respective characteristic polynomials.

For example, consider

f01(G ) =







0 2p 2+2p 2p +2

2p 2+2p −2−2p 2p −2

2p +2 2p −2 2p −2






.

We have

det(x I2− f01(G )) = x 3+4x 2− (4p 4+8p 3+16p 2+4)x +8p 5−8p 4−32p 3−16p 2−8p −8.

Since fe (G ) is real symmetric, its characteristic polynomial has all real roots; thus by Descartes’

rule of signs, the number of positive eigenvalues of f01(G ) equals

v (1, 4,−(4p 4+8p 3+16p 2+4), 8p 5−8p 4−32p 3−16p 2−8p −8)

and the number of negative eigenvalues equals

v (−1, 4, (4p 4+8p 3+16p 2+4), 8p 5−8p 4−32p 3−16p 2−8p −8).

Therefore

σ( f01(G )) = v (1, 4,−(4p 4+8p 3+16p 2+4), 8p 5−8p 4−32p 3−16p 2−8p −8)

−v (−1, 4, (4p 4+8p 3+16p 2+4), 8p 5−8p 4−32p 3−16p 2−8p −8).

This expression can then be expanded to explicitly enumerate the possible signs for each of the

polynomials, and the process can be repeated for σ( f00(G )),σ( f10(G )), and σ( f11(G )) to obtain

the full condition involving only p . △
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In algorithm form, Theorem 30 can be stated as follows.

Algorithm 35 (Condition for EC: signature approach).

In: F ∈R[p ]m×m and G ∈R[p ]n×n , symmetric, where p is a finite list of parameters

c ∈Nm , eigenvalue configuration

Out: P, quantifier-free condition on p such that c =GEC (F,G )

1. f ←− det(x Im − F )

2. For e ∈ {0, 1}m do

fe ←
�

f (0)
�e0 · · ·

�

f (m−1)
�em−1

3. Asig← vector such that (Asig)e =σ( fe (G )) for e ∈ {0, 1}m

4. V ←matrix such that Vt ,s =δv (s ,+)=m−t for t ∈ [m ] and s ∈ {−,+}m

5. H ←matrix such that He ,s = s e1
1 · · · s em

m for e ∈ {0, 1}m and s ∈ {−,+}m

6. Csig←V H −1

7. P ←−
∨

S :c=Csig S

Asig = S

8. Return P

2.2.2 Proof

In this section, we will provide a proof of Theorem 30 (Signature approach for generic matrices).

We will do this in a series of lemmas that explain the motivation and reasoning behind each

step. We divide the proof into two stages.

1. First, we prove a special case of Theorem 30 in the case where F and G are “strongly

generic;” that is, the pair satisfies an additional condition (see below) in addition to being

generic.

2. Next, we prove a slightly more general case of Theorem 30 in the case where the pair

F and G is fully generic.

Definition 36 (Strongly generic). We say that the pair of real symmetric matrices F and G is

strongly generic if both of the following hold.
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• The pair F and G is generic, i.e. F and G do not share eigenvalues.

• Let f (x ) denote the characteristic polynomial of F . For each eigenvalue β of G and for

all k ∈ {1, . . . , m −1}, we have

f (k )(β ) ̸= 0,

where f (k ) denotes the k -th derivative of f .

We will illustrate the above definition using two examples: one for strongly generic and the

other for generic but not strongly generic. These will be used as running examples in the

following subsections.

Example 37 (Strongly generic). We will be using this example as a running example throughout

the section.

Let

F =

�

4 0

0 4

�

∈R2×2 G =







2 0 0

0 2 0

0 0 8






∈R3×3.

Then their respective eigenvalues are

α= (4, 4) β = (2, 2, 8),

as shown in the diagram below.

α1

α2

β1

β2

β3

So,

GEC(F,G ) = (c1, c2) = (0, 1).

Further,

f = det(x I − F ) = (x −4)2

f (1) = 2(x −4).

Note that F and G are generic because they do not share any eigenvalues. Furthermore, the

derivative f (1) is nonzero on all eigenvalues of G . Thus F and G are strongly generic. △
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Example 38 (Not strongly generic). We will be using this example as a running example through-

out the section.

Let

F =

�

1 0

0 5

�

∈R2×2, G =







3 0 0

0 3 0

0 0 6






∈R3×3,

and so

α= (1, 5), β = (3, 3, 6).

Hence their eigenvalue configuration is shown in the figure below.

α1 α2β1

β2

β3

and so

GEC(F,G ) = (2, 1).

Note that F and G are generic because they do not share any eigenvalues. However, note that

f = det(x I − F ) = (x −1)(x −5)

f (1) = 2(x −3)

Then we have

f (1)(β1) = f (1)(β2) = 0,

and so F and G are not strongly generic. △

Proof for strongly generic pair of matrices

We first prove a special case of Theorem 30 for strongly generic F and G .

Lemma 39. Let F ∈Rm×m and G ∈Rn×n be a real symmetric strongly generic pair of matrices.

Then

GEC(F,G ) = Csig Asig (F,G ) .

Our process of proving Lemma 39 will follow the diagram below. In the lemmas in this
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section, we repeatedly rewrite the statement c = GEC(F,G ) with the goal of eliminating all

references to α and β , so that we end with an expression involving only the entries of F and G .

c =GEC(F,G )








 by Definition 22

ct = #{ j :β j ∈ At } (Expression involving α and β )








 Lemma 40

ct = #{ j : #{x : f (x ) = 0∧ x >β j }=m − t } (Expression involving β )








 Lemmas 43, 45, 47

c =Csig Asig(F,G ) (Expression involving entries and signature)

As the first step, we will now find an expression for GEC(F,G )which does not refer to α.

Lemma 40 (Eliminate α). Let c =GEC(F,G ). Then for all t = 1, . . . , m we have

ct = #
�

j : #
�

x : f (x ) = 0 ∧ x >β j

	

=m − t
	

where f (x ) = det(x Im − F ) is the characteristic polynomial of F , and the symbol # means to

count with multiplicity.

Example 41 (Running). Recall that in the running example (Example 37) we have (c1, c2) = (0, 1).

Recall the eigenvalue configuration depicted in Example 37. On the other hand,

#{ j : #{x : f (x ) = 0∧ x >β j }= 2−1} = #; = 0 = c1

#{ j : #{x : f (x ) = 0∧ x >β j }= 2−2} = #{3} = 1 = c2.

△

Proof of Lemma 40. Recall the eigenvalue configuration condition (Definition 22):

ct = #{ j :β j ∈ At }. (2.3)

30



We will rewrite the expression on the right-hand side, with the goal of eventually reducing the

problem to a set of real root counting problems. First, we will repeatedly rewrite the condition

β j ∈ At with the goal of replacing the membership checking of β j with the counting of αi .

β j ∈ At

~

w

� from the definition of At

αt <β j <αt+1

~

w

� from the assumption that α1 ≤α2 ≤ · · · ≤αm

α1 ≤ · · · ≤αt <β j <αt+1 ≤ · · · ≤αm

~

w

� from counting i such that αi is greater than β j

#
�

i :αi >β j

	

=m − t .

Note that the counting of indices of the eigenvalues α effectively counts the eigenvalues with

multiplicity.

By replacing β j ∈ At with #
�

i :αi >β j

	

=m − t in the right-hand side of (2.3), we arrive at

ct = #
�

j : #
�

i :αi >β j

	

=m − t
	

. (2.4)

We will now rewrite the right-hand side of the above with the goal of eliminating α. Let f (x ) be

the characteristic polynomial of F, that is,

f (x ) = det(x Im − F ).

Thus we have

#
�

i :αi >β j

	

= #
�

x : f (x ) = 0 ∧ x >β j

	

,

where # counts with multiplicity.

Finally, the claim of the lemma follows immediately by replacing #
�

i :αi >β j

	

with

#
�

x : f (x ) = 0 ∧ x >β j

	

in the right-hand side of (2.4).
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At this point, we now have an expression for each component of GEC(F,G )which does not

contain any α’s. The next step is to eliminate the β ’s. This is somewhat more complicated than

eliminating the α’s, so we split the next stage into several steps.

1. In Lemma 43, we will first eliminate the counting of roots of f ; i.e., we find another way

to express the quantity #{x : f (x ) = 0∧ x >β j }. This will be achieved by Descartes’ rule

of signs. With this, we will have rewritten each of the m entries of GEC(F,G ) as a root

counting problem which counts eigenvalues of G subject to a sign condition on the

derivatives of f .

2. In Lemma 45, we will then rewrite in matrix form. This is a necessary prerequisite for the

next step, in which we solve all m root counting problems together.

3. Finally, in Lemma 47, we will solve the root counting problems by rewriting them in

terms of the signature (i.e., the difference between the number of positive and negative

eigenvalues) of matrices derived from F and G .

We begin by eliminating the reference to counting the roots of f . First, we need a notation.

Notation 42. The sign sequence of f = det(x Im − F ) evaluated at x ∈R, denoted sseq(x ), is

sseq(x ) = sign
�

f (0)(x ), . . . , f (m−1)(x )
�

.

Note that we only go to the (m − 1)th derivative, since by construction the m-th derivative is

always a positive constant; hence we can omit it for simpler presentation.

Lemma 43 (Eliminate counting roots of f ). Let c =GEC(F,G ). For all t = 1, . . . , m, we have

ct = #
�

j : v
�

sseq(β j ),+
�

=m − t
	

.

Example 44 (Running). Recall that in the running example (Example 37) we have

(c1, c2) = (0, 1)

α = (4, 4)

β = (2, 2, 8)

f = det(x I − F ) = (x −4)2

f (1) = 2(x −4).

On the other hand,

v (sseq(β1),+) = v (sseq(2),+) = v
�

sign
�

f (2), f (1)(2)
�

,+
�

= v (+,−,+) = 2
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v (sseq(β2),+) = v (sseq(2),+) = v
�

sign
�

f (3), f (1)(3)
�

,+
�

= v (+,−,+) = 2

v (sseq(β3),+) = v (sseq(8),+) = v
�

sign
�

f (6), f (1)(6)
�

,+
�

= v (+,+,+) = 0.

In summary, we have:

j v (sseq(β j ),+)

1 2

2 2

3 0

So then
#{ j : v (sseq(β j )) = 2−1} = #; = 0 = c1

#{ j : v (sseq(β j )) = 2−2} = #{3} = 1 = c2

△

Proof of Lemma 43. Recall Lemma 40:

ct = #
�

j : #
�

x : f (x ) = 0 ∧ x >β j

	

=m − t
	

. (2.5)

We will eliminate the inner count symbol # from the right-hand side. For this, we will crucially

use the corollary to Descartes’ rule of signs (Corollary 7), which allows us to exactly count the

positive roots. Note

#{x | f (x ) = 0∧ x >β j }







 by introducing r = x −β j

#{r | f (r +β j ) = 0∧ r > 0}







 by introducing p (r ) = f
�

r +β j

�

#{r | p (r ) = 0∧ r > 0}







 from Descartes’ rule of signs (see a remark below for a detailed reasoning)

v
�

sign
�

p0, p1, . . . , pm

��

where p = pm r m + · · ·+p0r 0
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 since pj =
p ( j ) (0)

j !

v
�

sign
�

p (0)(0), p (1)(0), . . . , p (m )(0)
��








 since p (k )(0) = f (k )(β j )

v
�

sign
�

f (0)(β j ), f (1)(β j ), . . . , f (m )(β j )
��








 since f (m )(β j )> 0

v
�

sign
�

f (0)(β j ), f (1)(β j ), . . . , f (m−1)(β j )
�

,+
�








 from definition of sseq

v
�

sseq(β j ),+
�

.

Two remarks on the above rewriting steps:

• The third rewriting is based on the following detailed reasoning: (1) Since the matrix F is

real-symmetric, all the roots of its characteristic polynomial f are real. (2) In turn, all the

roots of the related polynomial p are also real. (3) Descartes’ rule of signs is exact when

all the roots are real. (4) Thus the number of positive real roots of p , counting multiplicity,

is exactly the number of sign variation in the coefficients of p .

• If one uses the Budan-Fourier extension [36, 37] of Descartes’ rule of signs, then one

could skip a few steps in the above rewriting.

Finally the claim of the lemma follows immediately by replacing the expression

#
�

x : f (x ) = 0 ∧ x >β j

	

with the expression v
�

sseq(β j ),+
�

, in the right-hand side of (2.5).

At this point, we have written each component of GEC(F,G ) as a root counting problem

counting eigenvalues of G :

ct = #
�

j : v
�

sseq(β j ),+
�

=m − t
	

.

Next, we will rewrite these m root counting problems into matrix form.
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Lemma 45 (Rewrite in matrix form). We have

GEC (F,G ) =V q

where

• V is the matrix whose rows are indexed by t ∈ [1, . . . , m ] and the columns are indexed

lexicographically by s ∈ {−,+}m with Vt ,s =δv (s ,+),m−t .

• q is the column vector whose rows are indexed lexicographically by s ∈ {−,+}m with

qs = #
�

j : sseq(β j ) = s
	

Example 46 (Running). Recall the running example (Example 37), where

c = (0, 1).

From the definition of V in the statement of Lemma 45, we have

V =

�

1 1 0 0

0 0 0 1

�

.

and q is the vector

q =











q−−
q−+
q+−
q++











=











#{ j : sseq(β j ) = (−−)}
#{ j : sseq(β j ) = (−+)}
#{ j : sseq(β j ) = (+−)}
#{ j : sseq(β j ) = (++)}











.

From the previous installment in the running example (Example 44), we calculated that

sseq(β1) = (+−)

sseq(β2) = (+−)

sseq(β3) = (++).

Hence

q =











#{ j : sseq(β j ) = (−−)}
#{ j : sseq(β j ) = (−+)}
#{ j : sseq(β j ) = (+−)}
#{ j : sseq(β j ) = (++)}











=











#;
#;

#{1, 2}
#{3}











=











0

0

2

1











.
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Putting it together, we get

V q =

�

1 1 0 0

0 0 0 1

�











0

0

2

1











=

�

0

1

�

=

�

c1

c2

�

.

△

Proof of Lemma 45. Recall Lemma 43:

ct = #
�

j : v
�

sseq(β j ),+
�

=m − t
	

. (2.6)

We will eliminate the sign variation count symbol from v from the right-hand side. Let Jt

denote the set whose entries are counted on the right-hand side of (2.6); that is,

Jt =
�

j : v
�

sseq(β j ),+
�

=m − t
	

.

We partition the set Jt according to the sign vector, obtaining

Jt =
⊎

s∈{−,+}m
v (s ,+)=m−t

Js where Js =
�

j : sseq(β j ) = s
	

.

Note that this is indeed a disjoint union, since by the generic and strongly generic conditions

we have f (k )(β j ) ̸= 0 for all k = 0, . . . , m −1.

Then we immediately have

ct = #Jt =
∑

s∈{−,+}m
v (s ,+)=m−t

#Js

In matrix form, we can write this as

c =V q

where

• V is the matrix where rows are indexed by t ∈ [1, . . . , m ] and the columns are indexed

lexicographically by s ∈ {−,+}m with Vt ,s =δv (s+),m−t .

• q is the column vector where rows are indexed lexicographically by s ∈ {−,+}m with

qs = #Js .
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Finally the claim of the lemma follows immediately by replacing the expression in the right-

hand side of (2.6) with the expression c =V q .

Lemma 47 (Rewrite q in terms of signature). We have

q =H −1Asig(F,G )

where Asig(F,G ) is the vector defined in Definition 28; that is, the vector indexed by e ∈ {0,1}m

where

(Asig(F,G ))e =σ( fe (G ))

where

fe =
�

f (0)
�e0 · · ·

�

f (m−1)
�em−1 .

Example 48 (Running). In Example 46, we computed

q =











0

0

2

1











.

From the definition of H , we have that

H −1 =

















e \s −− −+ +− ++

00 1 1 1 1

01 −1 1 −1 1

10 −1 −1 1 1

11 1 −1 −1 1

















−1

=













1
4 − 1

4 − 1
4

1
4

1
4

1
4 − 1

4 − 1
4

1
4 − 1

4
1
4 − 1

4

1
4

1
4

1
4

1
4













.

We then compute

f00 =
�

f (0)
�0 �

f (1)
�0
= 1

f01 =
�

f (0)
�0 �

f (1)
�1
= 2(x −4)

f10 =
�

f (0)
�1 �

f (1)
�0
= (x −1)2
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f11 =
�

f (0)
�1 �

f (1)
�1
= 2(x −4)3.

Then

f00(G ) =







1 0 0

0 1 0

0 0 1







f01(G ) =







−4 0 0

0 −4 0

0 0 8







f10(G ) =







4 0 0

0 4 0

0 0 16







f11(G ) =







−16 0 0

0 −16 0

0 0 128






.

So we have

e Eigenvalues of fe (G ) # positive eigenvalues # negative eigenvalues
00 (1, 1, 1) 3 0
01 (−4,−4, 8) 1 2
10 (4, 4, 16) 3 0
11 (−16,−16, 128) 1 2

Therefore

Asig(F,G ) =











σ( f00(G ))

σ( f01(G ))

σ( f10(G ))

σ( f11(G ))











=











3−0

1−2

3−0

1−2











=











3

−1

3

−1











.
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Finally, we have that

H −1σ=













1
4 − 1

4 − 1
4

1
4

1
4

1
4 − 1

4 − 1
4

1
4 − 1

4
1
4 − 1

4

1
4

1
4

1
4

1
4

























3

−1

3

−1













=











0

0

2

1











= q .

△

Proof of Lemma 47. Recall q from Lemma 45: q is the column vector where rows are indexed

lexicographically by s ∈ {−,+}m with

qs = #
�

j : sseq(β j ) = s
	

We will rewrite it in terms of the signatures of certain symmetric matrices constructed from

F and G .

From applying a special case of Theorem 11, we have

H q = Asig(F,G )

where

• H is the 2m × 2m Hadamard matrix whose rows are indexed by e ∈ {0,1}m and whose

columns are indexed by s ∈ {−,+}m where

(Hm )e ,s = s e1
1 · · · s

em
m

• Asig is defined as in Definition 28; that is, Asig is the column vector whose rows are indexed

lexicographically by e = (e0, . . . , em−1) ∈ {0, 1}m with

(Asig)e =σ( fe (G ))

where

fe = f (0)e0 · · · f (m−1)em−1 ,
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and againσ( fe (G )) is the signature of the matrix fe (G ).

Since H is a Hadamard matrix, it is invertible, so we therefore have

q =H −1Asig(F,G )

and we are done.

Remark 49. Note that the key step (the application of Theorem 11) in the previous proof relied

on the fact that fe (β j ) ̸= 0. This is always true for strongly generic F and G , but does not hold

for F and G which are only generic. This is the main obstacle that we will overcome when we

generalize to pairs of matrices which are not strongly generic.

Finally, we have arrived at an expression for GEC(F,G )which does not contain any references to

the eigenvalues α or β . Hence, we are ready to prove the main result (Theorem 30) for strongly

generic F and G , namely Lemma 39.

Proof of Lemma 39. Let F ∈Rm×m and G ∈Rn×n be real symmetric strongly generic matrices.

We need to prove the following:

GEC(F,G ) = Csig Asig(F,G ).

For this, we begin by recalling the following lemmas from above.

1. From Lemma 45, we have

GEC (F,G ) =V q

where V is the matrix where rows are indexed by t ∈ [1, . . . , m ] and the columns are

indexed lexicographically by s ∈ {−,+}m with

Vt ,s =δv (s ),m−t .

2. From Lemma 47, we have

q =H −1Asig(F,G )

where Asig is a column vector whose rows are indexed lexicographically by e ∈ {0, 1}m .

Together, we finally have

GEC(F,G ) =
1

V q =
2

V
�

H −1Asig(F,G )
�

=
Def. 26

Csig Asig(F,G ).
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We have proved Lemma 39.

Proof for generic pair of matrices

Now, we will extend the result on strongly generic matrices (Lemma 39) to prove Theorem 30

(Signature approach for generic pairs of matrices). Recall that Theorem 30 states that if F and

G are a generic pair of real symmetric matrices, then GEC(F,G ) = Csig Asig(F,G ). The major

difficulty extending Lemma 39 is that the version of the root counting method [32] used in

Lemma 47 requires that sseq(β j ) contains no zeros; i.e., that F and G are strongly generic. To

circumvent this difficulty, we take the following approach.

1. In Lemma 50, we will show that, given generic F and G , we can “safely” perturb F into a

new real symmetric matrix ÒF , so that ÒF and G are strongly generic and the eigenvalue

configuration of F and G equals that of ÒF and G . Since ÒF and G are strongly generic, we

can apply Lemma 39.

2. In Lemma 61, we will show that Csig Asig(F,G ) =Csig Asig(ÒF ,G ). However, before we can do

that, we need to prove an intermediate result in Lemma 55, which generalizes Lemma 47

from the previous subsection.

Once this is done, the proof will be complete.

Our strategy is illustrated by the following diagram.

GEC(F,G ) ?== Csig Asig(F,G )

Lemma 50
















 Lemma 61

GEC(ÒF ,G ) == Csig Asig(ÒF ,G )

Lemma 39

First, we begin by showing that, given generic F and G , it is always possible to safely (i.e.

without disturbing the eigenvalue configuration) shift the eigenvalues of F slightly to form a

new symmetric matrix ÒF so that ÒF and G are strongly generic.

Lemma 50 (Safely perturb generic matrices to strongly generic matrices). Let F,G be generic

matrices. Then there exists a real symmetric matrix ÒF so that

• ÒF and G are strongly generic and
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• GEC(F,G ) =GEC(ÒF ,G ).

Example 51 (Running). Recall the generic, but not strongly generic, matrices F and G from

Example 38:

F =

�

1 0

0 5

�

∈R2×2, G =







3 0 0

0 3 0

0 0 6






∈R3×3,

and so

GEC(F,G ) = (2, 1).

Now, let ϵ = 0.5 and set

ÒF = F + ϵI =

�

1+ ϵ 0

0 5+ ϵ

�

=

�

1.5 0

0 5.5

�

.

The derivatives of the characteristic polynomial bf of the new matrix ÒF are

bf (0)(x ) = x 2−7x +8.25

bf (1)(x ) = 2x −7.

The arrangement of the eigenvalues of F , G , and ÒF is shown in the diagram below.

α1 α2bα1 bα2β1

β2

β3

Note that now ÒF and G are strongly generic because bf (0) and bf (1) are nonzero at β1,β2, and β3.

Further, because ϵ was chosen small enough, no eigenvalue of ÒF “crossed over” any β and so the

eigenvalue configuration of ÒF and G remains the same as that of F and G . △

Proof of Lemma 50. If F and G are a pair of strongly generic matrices, then clearly ÒF = F

satisfies the conclusion of the lemma; thus, for the remainder of this proof, assume without

loss of generality that the pair F and G is generic but not strongly generic.

We will construct ÒF from F by shifting the eigenvalues of F by a positive real number ϵ. Let

ÒF := F + ϵI .

Obviously ÒF is symmetric and its eigenvalues are simply the eigenvalues of F plus ϵ. Now we
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need to choose ϵ so that the claims of the lemma hold. Let us choose ϵ as follows.

ϵ :=
1

2
min(A, B , C )

where

A = min{|αi −αi+1| : i = 1, . . . , m −1 and αi ̸=αi+1}
B = min{|αi −β j | : i = 1, . . . , m and j = 1, . . . , n}
C = min{|β j −γ| : j = 1, . . . , n and f (k )(γ) = 0 for some 1≤ k ≤m and γ ̸=β j }

By construction, A, B , C , and therefore ϵ are positive real numbers. Let us now check that ÒF

and G satisfy the two claims of the lemma, one by one.

• ÒF and G are strongly generic.

1. ÒF and G do not share any eigenvalues, because by construction each eigenvalue of
ÒF is, at minimum, a distance of 1

2 min(B )> 0 from any eigenvalue of G .

2. Each eigenvalue of G is, at minimum, a distance of ϵ > 0 from any root of any

derivative of bf = det(x Im − ÒF ).

• GEC(F,G ) =GEC(ÒF ,G ).

1. Since ϵ <min(A) and ϵ <min(B ), no eigenvalue of ÒF crosses over an eigenvalue of

F or G .

2. Hence, the eigenvalue configuration of ÒF and G remains the same as the eigenvalue

configuration of F and G .

Now that we have established that we can perturb generic F and G to get strongly generic
ÒF and G without disturbing the eigenvalue configuration, we need to show that

Csig Asig(F,G ) =Csig Asig(ÒF ,G ).

To do this, we first need to extend some notions from the previous section. First, to aid in the

computation, we need a key lemma which generalizes Lemma 47 from the previous section by

finding a simple expression for the quantity H −1Asig(F,G ). We first need to define the notion of

the boundary and closure of a sign sequence.

Definition 52.
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• The boundary of s ∈ {−,+}m , written as ∂ (s ), is defined by

∂ (s ) = {s ′ ∈ {−, 0,+}m : s ′ and s differ by one or more zeros }.

• The closure of s ∈ {−,+}m , written as cl(s ), is defined by

cl(s ) = {s }∪ ∂ s .

Example 53. Consider the sign sequence +−. We have

1. ∂ (+−) = {+0, 0−, 00}

2. cl(+−) = {+−,+0, 0−, 00}.

△

Remark 54.

• The notion of the boundary of a sign sequence s can be thought of as the topological

boundary of the set in Rm of points whose coordinates have the signs given by s .

• Note that the number of elements in cl(s )where s ∈ {−,+}m is 2m , because we can choose

zero or more entries in s to be zero.

Lemma 55. Let F,G be an arbitrary (not necessarily generic) pair of real symmetric matrices.

Then

H −1Asig(F,G ) =
n
∑

j=1

γ j

where

γ j =
1

#Sj

∑

s ′∈Sj

es ′

Sj =
�

s ∈ {−,+}m : sseq(β j ) ∈ cl(s )
	

es ′ = standard unit vector with a 1 in the position of s ′ under lex order with −<+.

Remark 56. Note that the hypothesis of Lemma 55 does not require that F and G be generic. In

this section, we assume that they are generic, but we will revisit this lemma later in the thesis

when fully generalizing our result to arbitrary matrices.
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Example 57 (Running). Recall that in the running example we have

α= (1, 5), β = (3, 3, 6).

Together with the characteristic polynomial of f , the eigenvalues of F and G are shown in the

diagram below.

f (x )

x

sign
�

f (0), f (1)
�

β2

β1

β3

+− 0− −− −0 −+ 0+ ++

Lemma 55 should be seen as quantifying the contribution γ j of each eigenvalue β j to the

eigenvalue configuration vector. To see this, we will now compute γ j for each j in this example.

j sseq(β j ) Sj γ j

1 −0 {−−,−+} 1
2





















1

0

0

0











+











0

1

0

0





















2 −0 {−−,−+} 1
2





















1

0

0

0











+











0

1

0

0





















3 ++ {++}











0

0

0

1











Observe that S3 is a singleton set. This happens because sseq(β3) does not contain zeros, because

f (k )(β3) ̸= 0 for all k ∈ {1, . . . , m − 1}. Hence, γ3 is simply a unit vector with a 1 in the slot

corresponding to the sign sequence of β3.

However, S1 and S2 are sets with two elements each. This is because sseq(β1) and sseq(β2)

each contain a zero, and so lie on the boundary between the region {x ∈R : sseq(x ) =−−} and
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the region {x ∈R : sseq(x ) =−+}. As a result, the contributions of β1 and β2 to the eigenvalue

configuration vector are split equally between those two regions. △

Remark 58. In the following proof, we use bars over certain symbols (e.g. H ) to denote “aug-

mented” versions of those objects used previously in this section. These are all defined analogously

to their corresponding versions used earlier.

Proof of Lemma 55. The proof is long, so we will divide the proof into a few stages.

1. First, we apply [32] as in Lemma 47, with the key difference that we now need to use a

larger 3m ×3m matrix H since the sign sequence of β j ’s may now contain zeros. We will

then split up the matrix H and find an expression for Asig.

2. Next, we will find an explicit form for the term B =H T
ÒH appearing in the above expres-

sion.

3. Finally, we rewrite H −1Asig in a form which allows us to quantify the contribution of each

eigenvalue β j to the overall eigenvalue configuration vector.

Now, we elaborate the details for each step.

1. First, we apply [32] as in Lemma 47, with the key difference that we now need to use a

larger 3m ×3m matrix H since the sign sequence of some β j ’s may now contain zeros. We

will then split up the matrix H and find an expression for Asig in terms of these pieces of

H .

Let
(H )e ,s = s e 1

1 · · · s
e m
m where e ∈ {0, 1, 2}m and s ∈ {−, 0,+}m

Asige
=σ( fe (G )) where e ∈ {0, 1, 2}m .

Note that H (as defined earlier) is a submatrix of H , and H is the same matrix which

appears in Theorem 11.

Now, if we apply very similar reasoning as used in the proof of Lemma 47, we have

Asig =H q . (2.7)

where
σe = σ( fe (G )) for e ∈ {0, 1}m

Òσ = σ \σ
q s = #

�

j : sseq(β j ) = s
	

for s ∈ {−, 0,+}m

qs = #
�

j : sseq(β j ) = s
	

for s ∈ {−,+}m

bq = q \q .
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The notation σ \σ (similarly for q \q ) means that from the column vector σ, we take

away the elements fromσ. Note that the key difference between (2.7) and the reasoning

in Lemma 47 is that now we have fe (β j ) = 0 for some j and some e , since F and G are no

longer strongly generic. Hence, we must use the “augmented” matrix H ∈N3m×3m
, rather

than the previously used H ∈N2m×2m
. This hurts the space complexity (i.e., the number

of matrices whose signatures need to be considered) by increasing the factor from 2m to

3m . We will now address this by rewriting (2.7) in such a way as to reduce the sizes of the

matrices involved.

In block matrix form, after appropriately rearranging the rows and columns we have

�

σ

Òσ

�

︸ ︷︷ ︸

σ

=

�

H ÒH

∗ ∗

�

︸ ︷︷ ︸

H

�

q

bq

�

︸ ︷︷ ︸

q

.

Thus

σ=H q + ÒH bq

=H q +H H −1
ÒH bq

=H (q +H −1
ÒH bq )

=H

�

q +
1

2m
H T

ÒH
︸ ︷︷ ︸

B

bq

�

.

Note that the last equality follows because H , being a Hadamard matrix, has inverse
1

2m H T .

Hence, we have found an expression forσ in terms of H , q , bq , and ÒH .

2. Next, we will find an explicit form for the term B =H T
ÒH appearing in the above expres-

sion. Note that in the following, the term bs denotes elements of {−,0,+}m \ {−,+}m , i.e.,

sign sequences of length m with at least one zero.

Note that by construction, the matrix B can be indexed in its rows by s ∈ {−,+}m and in

its columns by bs ∈ {−, 0,+}m \ {−,+}m . Thus we have

Bs ,bs







 by expanding the matrix multiplication

∑

e∈{0,1}m
(H T )s ,e

ÒHe ,bs
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 by the definition of H

∑

e∈{0,1}m

�

s e1
1 · · · s

em
m

� �

bs e1
1 · · ·bs

em
m

�








 combining terms by exponents ei

∑

e∈{0,1}m

m
∏

i=1

(si bsi )
ei








 since ei only has values of 0 or 1

∑

e∈{0,1}m

m
∏

i=1

si bsi








 since the terms in the product are 1 if ei = 0

∑

e∈{0,1}m

m
∏

i=1
ei=1

si bsi








 since the number of elements in {0, 1}m equals the number of subsets T ⊆ [m ]

∑

T⊆[m ]

∏

t ∈T

st bst








 since for nonzero t ∈ T , we have stÒst =−1 if st and Òst differ or −1 if they are the same

∑

T⊆Z
bs

∏

t ∈T







−1 if st ̸= bst

1 else
where Z

bs := {t ∈ [m ] : bst ̸= 0}








 since only multiplications by −1 affect the product

∑

T⊆Z
bs

(−1)#{t ∈T :st ̸=bst }.

Let UT = {t ∈ T : st ̸= bst }, and let U =UZ
bs
.

Next, note that for each positive integer k , the number of subsets T ⊆ Z
bs such that

#(T ∩U ) = k is
�

#U

k

�

2#(Z
bs \U ).

Further, note that the summand terms (−1)#UT depend only on the size of the sets T ∩U .
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Hence, by partitioning the sum
∑

T⊆Z
bs

(−1)#UT

by the size of #(T ∩U ), we get

Bs ,bs =
∑

T⊆Z
bs

(−1)#UT

=
#U
∑

k=0

(−1)k
�

#U

k

�

2#(Z
bs \U ).

Rearranging, we get

Bs ,bs = 2#(Z
bs \U )

#U
∑

k=0

(−1)k
�

#U

k

�

=







2#Z
bs if U = ;

0 if U ̸= ;.

Note that by definition of ∂ s , we have that U = ; if and only if bs ∈ ∂ s . Hence

Bs ,bs =







2#Z
bs if bs ∈ ∂ s

0 else .

With that, we have found an explicit form for the B matrix.

3. Finally, we rewrite H −1Asig in a form which allows us to quantify the “contribution” of

each eigenvalue β j to the overall eigenvalue configuration vector. From the above, for all

s ∈ {−,+}m we have that the s -th component of H −1Asig is

(H −1Asig)s =
�

q +
1

2m
B bq

�

s

= qs +
1

2m

∑

bs∈∂ s

2#Z
bs
bq
bs

= qs +
∑

bs∈∂ s

�

1

2

�#{0∈bs }
bq
bs since #Z

bs − m = #{0 ∈ bs }.

Noting that cl(s ) = ∂ s ∪ s , we can push the qs term into the summation and get

(H −1Asig)s =
∑

s ′∈cl(s )

�

1

2

�#{0∈s ′}
q s ′ .
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Note that we switch to the symbol q s ′ to denote the fact that s ′ could come from the set

{−, 0,+}m or {−,+}m . Next, we rewrite q s ′ as a summation of indicators.

(H −1Asig)s =
∑

s ′∈cl(s )

�

1

2

�#{0∈s ′} n
∑

j=1

δsseq(β j ),s ′ ,

where here δ denotes the Kronecker delta function. Continuing, by rearranging the order

of summation we have

(H −1Asig)s =
n
∑

j=1

∑

s ′∈cl(s )

�

1

2

�#{0∈s ′}
δsseq(β j ),s ′ .

Now, note that the summand is nonzero if and only if sseq(β j ) = s ′. If we combine this

with the innermost summation over elements of cl(s ), we can rewrite as

(H −1Asig)s =
n
∑

j=1

�

1

2

�#{0∈sseq(β j )}
δsseq(β j )∈cl(s ) .

Now, fix j ∈ [n ] and recall that Sj = {s ∈ {−,+}m : sseq(β j ) ∈ cl(s )}. If sseq(β j )has no zeroes,

then the set Sj consists of exactly one element; namely, sseq(β j ) itself. Now suppose that

sseq(β j ) = (. . . ,0, . . . ); i.e., there is at least one zero. Then for each zero, there are two

corresponding elements in Sj , which are (. . . ,+, . . . ) and (. . . ,−, . . . ). Hence

#Sj = 2#{0∈sseq(β j )}.

Thus

(H −1Asig)s =
n
∑

j=1

�

1

2

�#{0∈sseq(β j )}
δsseq(β j )∈cl(s )

=
n
∑

j=1

1

#Sj
δsseq(β j )∈cl(s )

=
n
∑

j=1

1

#Sj

∑

s ′∈Sj

δs ′,sseq(β j ) .

Therefore, in full vector form, we have

H −1Asig =
n
∑

j=1

1

#Sj

∑

s ′∈Sj

es ′ =
n
∑

j=1

γ j .
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Before we continue with the proof, we first need to take a short detour and establish a simple

property of polynomials when they have only real roots.

Lemma 59 (Real roots property). Let f ∈R[x ] be a polynomial with only real roots and let β ∈R.

Then we have

β is a multiple root of f ′ =⇒ β is a multiple root of f .

Proof. Let f ∈R[x ] have only real roots and let β ∈R. We proceed by contradiction. For this,

we will assume that β is a multiple root of f ′ but that β is not a multiple root of f . Let m be

the degree of f . Then, we can write f as

f (x ) = (x −α1)
µ1 · · · (x −αt )

µt

where

α1, . . . ,αt distinct real numbers

µi ≥ 1,

µ1+ · · ·+µt =m , since f has only real roots.

We will now proceed to count the roots of f ′ in two different ways. On the one hand, by the

Gauss-Lucas theorem, we have that

# real roots of f ′ =m −1.

On the other hand, by Rolle’s theorem, there exists at least one root of f ′ in the open interval

(αi ,αi+1) for i ∈ {1, . . . , t −1}. Let ρi be the number of roots, counted with multiplicity, in the

interval (αi ,αi+1). Furthermore, the multiplicity of αi as a root of f ′ is µi −1. Thus, counting

the roots of f ′ in this way, we have

# real roots of f ′ = (µ1−1) + · · ·+ (µt −1)
︸ ︷︷ ︸

roots coming from the αi ’s

+
t−1
∑

i=1

ρi

︸ ︷︷ ︸

Rolle’s

= (µ1+ · · ·+µt )− t +
t−1
∑

i=1

ρi

=m − t +
t−1
∑

i=1

ρi .
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Now, recall that we assumed that β is a multiple root of f ′. Equivalently, we have that

f ′(β ) = 0 ∧ f ′′(β ) = 0. (2.8)

Further, we assumed that β is not a multiple root of f . This means that

¬( f (β ) = 0 ∧ f ′′(β ) = 0)

equivalently

f (β ) ̸= 0 ∨ f ′′(β ) ̸= 0. (2.9)

The assumptions (2.8) and (2.9) together imply that f (β ) ̸= 0. Hence, we have that αi ̸=β for all

i . Further, this implies that ρi > 1 for at least one i ∈ {1, . . . , t −1}. This means that
∑t−1

i=1 ρi ≥ t .

Putting everything together, we have that

# real roots of f ′ =m − t +
t−1
∑

i=1

ρi

≥m − t + t =m .

This is a contradiction, since earlier we saw that

# real roots of f ′ =m −1.

Hence, we have that β must be a multiple root of f , and so the lemma is proved.

Corollary 60 (Multiple roots of derivatives of polynomials with only real roots). Let k ∈N. Let

f ∈R[x ] have only real roots and let β ∈R. Then

β is a multiple root of f (k ) =⇒ β is a multiple root of f .

Proof. Note

β is a multiple root of f (1) =⇒ β is a multiple root of f (0) by Lemma 59 to f (0)

β is a multiple root of f (2) =⇒ β is a multiple root of f (1) by Lemma 59 to f (1)

...

β is a multiple root of f (k−1) =⇒ β is a multiple root of f (k ) by Lemma 59 to f (k ).
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Following the chain of implications gives

β is a multiple root of f (k ) =⇒ β is a multiple root of f

and we are done.

With that, we are ready to complete the final piece of the proof of Theorem 30.

Lemma 61. Let F,G be generic but not strongly generic, and let ÒF be symmetric. If we have

1. GEC(F,G ) =GEC(ÒF ,G ) and

2. ÒF and G are strongly generic,

then

Csig Asig(F,G ) =Csig Asig(ÒF ,G ).

Proof. Assume that F,G are generic but not strongly generic, and let ÒF be symmetric. Suppose

that

1. GEC(F,G ) =GEC(ÒF ,G ) and

2. ÒF and G are strongly generic.

From Lemma 55 , we have

H −1Asig(F,G ) =
n
∑

j=1

γ j

and

H −1Asig(ÒF ,G ) =
n
∑

j=1

Òγ j

Thus, it suffices to show

V
n
∑

j=1

γ j =V
n
∑

j=1

bγ j ,

equivalently, to show
n
∑

j=1

V γ j =
n
∑

j=1

V bγ j .

Below, we will show a stronger result: for all j = 1, . . . , n , we have

V γ j =V bγ j .
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Let j ∈ {1, . . . , n} be arbitrary but fixed. Recall that

γ j =
1

#Sj

∑

s ′∈Sj

es ′

where Sj = {s ∈ {−,+}m : sseq(β j ) ∈ cl(s )}, with bγ j defined analogously with bβ j .

Using the definition of V from the proof of Lemma 45, we then have the following (note that γ j

could be substituted with bγ j ):

(V γ j )t =
∑

s∈{−,+}m
v (s ,+)=m−t

(γ j )s (where subscript means “s -th” element of the vector in lex order)








 by definition of γ j

∑

s∈{−,+}m
v (s ,+)=m−t

 

1

#Sj

∑

s ′∈Sj

es ′

!

s








 by evaluating the innermost summation

∑

s∈{−,+}m
v (s ,+)=m−t

1

#Sj
δs∈Sj








 by rearranging

1

#Sj

∑

s∈{−,+}m
v (s ,+)=m−t

δs∈Sj










1

#Sj
#{s ∈ Sj : v (s ,+) =m − t }.

We now make the following claim.

Claim: We have

V γ j = em−v (sseq f (β j ),+) and V bγ j = em−v (sseq
bf (β j ),+). (2.10)

We will show the proof for the former equality, because the proof for the latter is essentially
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identical. To prove the claim, it suffices to show that for all s ∈ Sj , we have v (s ,+) = v (sseq(β j ), s ).

Let s ∈ Sj . Then we have two cases: either sseq(β j ) = s or not.

Case 1: sseq(β j ) = s . Then Sj = {s }, and so

(V γ j )t =
1

#Sj
#{s ∈ Sj : v (s ,+) =m − t }

=
1

1
#{s ∈ {s } : v (s ,+) =m − t }

=δv (sseq(β j ),+),m−t .

Thus, in matrix form, we have V γ j = em−v (sseq(β j ),+) and the claim follows.

Case 2: sseq(β j ) ̸= s . Then sseq(β j ) and s differ by one or more zeros. At first glance, it is tempt-

ing to use the fact that for all y ∈R, we have that

#{x : f (x )> 0∧ x > y }= v (sseq(y ),+),

which was proved as part of Lemma 43 using Descartes’ rule of signs. However, it is not

always true that there exists some y ∈R so that s = sseq(y ). In fact, since Sj comprises

the sign sequences of open sets in Rm which share a boundary with the (not open)

set {x : sseq(x ) = sseq(β j )}, there are at most two sign sequences in Sj that are actually

realizable. As a result, we need a different approach. We will instead study the possibilities

for (sseq(β j ),+) under our genericity assumptions for F .

First, recall that F has exactly m (counting with multiplicity) real eigenvalues. We then

have the following:

1. By the Gauss-Lucas theorem, for k ∈ {0, . . . , m −1}, the polynomial f (k ) has exactly

m −k real roots, counting with multiplicity.

2. By Corollary 60, there are no consecutive zeros in sseq(β j ), since multiple zeros

would imply that β j is a multiple root of f (k ) for some k , which by Corollary 60

implies that f (β j ) = 0, which we assumed is false due to the genericity of F and G .

3. By the assumption that F and G are generic (i.e. do not share eigenvalues), the first

entry in sseq(β j ) is nonzero.

Under these restrictions, the only subsequences of (sseq(β j ),+)which contradict (2.10)

are

(. . . ,+, 0,+, . . . ) and (. . . ,−, 0,−, . . . ).
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This is because changing the zero to either + or − in both of these subsequences can

change the sign variation count of the subsequence, whereas doing so in the other

possibilities −, 0,+ and +, 0,− does not change the sign variation count.

Hence, without loss of generality, it suffices to show that+, 0,+ cannot occur in (sseq(β j ),+).

(The argument for −,0,− will be essentially identical.) Suppose that (sseq(β j ),+) does

contain +, 0,+. Then there exists k ∈ {0, . . . , m} so that

f (k )(β j )> 0

f (k+1)(β j ) = 0

f (k+2)(β j )> 0.

Pictorially, we have the situation shown in the diagram below.

f (k )(x )

x
β j

But this means that f (k ) has fewer than m −k real roots (counting multiplicity), which

by Rolle’s theorem contradicts the fact that f has all real roots. Therefore, +,0,+ (and,

similarly, the subsequence −, 0,−) cannot occur anywhere in (sseq(β j ),+).

To summarize, we have established that (sseq(β j ),+) has at least one zero, and that each

zero must appear as in one of the subsequences +,0,− or −,0,+. Note that in both of

these, changing the zero to either a + or a − does not change the sign variation count.

Hence, it follows that for all s ∈ Sj , we have v (s ,+) = v (sseq(β j ),+). Then

(V γ j )t =
1

#Sj
#{s ∈ Sj : v (s ,+) =m − t }

=
1

#Sj







#Sj if v (sseq(β j ),+) =m − t

0 otherwise.

=δv (sseq(β j ),+),m−t .

Thus, in matrix form, we have V γ j = em−v (sseq(β j ),+) and the claim follows.
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From the two cases above, the claim (2.10) is now proved. Thus we have shown that

V γ j = em−v (sseq f (β j ),+) and V bγ j = em−v (sseq
bf (β j ),+).

Finally, note that

v (sseq f (β j ),+)








 by the reasoning used in Lemma 43

#{x : f (x ) = 0∧ x >β j }







 since GEC(F,G ) =GEC(ÒF ,G )

#{x : bf (x ) = 0∧ x >β j }







 by the reasoning used in Lemma 43

v (sseq
bf (β j ),+).

Thus V γ j =V bγ j , and so Csig Asig(F,G ) =CsigAsig(ÒF ,G ). We have proved the lemma.

Finally, we are now ready to prove Theorem 30 (Signature approach for generic pairs of matri-

ces).

Proof of Theorem 30. Let F and G be a generic pair of real symmetric matrices. We need to

prove that

GEC (F,G ) =Csig Asig(F,G ).

We consider two cases.

Case 1: F and G are strongly generic.

From Lemma 39, we have

GEC (F,G ) =Csig Asig(F,G )

and so we are done.

Case 2: F and G are not strongly generic. Recall the following.
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1. From Lemma 50, there exists some real symmetric matrix ÒF so that ÒF and G are

strongly generic and GEC(F,G ) =GEC(ÒF ,G ).

2. From Lemma 39, we have GEC(ÒF ,G ) =Csig Asig(ÒF ,G ).

3. From Lemma 61, we have Csig Asig(ÒF ,G ) =Csig Asig(F,G ).

Putting these together, we therefore have

GEC(F,G ) =
1

GEC(ÒF ,G ) =
2

Csig Asig(ÒF ,G ) =
3

Csig Asig(F,G ).

2.3 Symmetric Polynomials Approach

In this section, we will solve the generic eigenvalue configuration problem using an approach

based on the Fundamental Theorem of Symmetric Polynomials.

2.3.1 Main Theorem

In this subsection, we will state the main theorem for this section. For this, we first introduce

two notions which are central to the main result: one is purely combinatorial (depending only

on the size of F ) and the other is algebraic (depending on the entries/parameters of both F

and G ).

Definition 62 (Combinatorial part, symmetric polynomials approach). The matrix Csym ∈Qm×m

is the matrix

Csym =Vm Wm

where

(Vm )r t =
(−1)r−1

2t−1

�

t

r

�

and (Wm )t s = (−1)t+s

�

m − s

m − t

�

.

Example 63. Let m = 4. We will construct the matrix Csym. Consider for example the entry at

row 3, column 3. Then we have

(Csym)3,3 =
m
∑

t=1

(V4)3,t (W4)t ,3

=
4
∑

t=1

1

2t−1

�

t

3

�

(−1)t+3

�

1

4− t

�

by definition of V and W
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=
1

20

�

1

3

�

(−1)4
�

1

3

�

+
1

21

�

2

3

�

(−1)5
�

1

2

�

+
1

22

�

3

3

�

(−1)6
�

1

1

�

+
1

23

�

4

3

�

(−1)7
�

1

0

�

by expanding the sum

= 0+0−
1

4
+0

=−
1

4
.

Repeating this process for all entries of Csym, we have

Csym =











− 1
4 0 1

4
1
2

0 1
4 0 − 3

4
1
4 0 − 1

4
1
2

1
8 − 1

8
1
8 − 1

8











.

△

Definition 64 (Algebraic part, symmetric polynomials approach). The column vector Asym, or

Asym(F,G ) to emphasize the dependence on the entries of F and G , is the column vector of length

m whose r -th entry is

(Asym)r = v (Dr ),

where v denotes the sign variation count of the coefficients of a polynomial and Dr is a polynomial

in R[a , b ][x ] such that

Dr (a , b , x ) = hr (α,β , x ),

where hr is the polynomial

hr =
∏

I⊂[m ], #I=r
j∈[n ]

�

x +
∏

i∈I

�

αi −β j

�

�

,

and where a = (a1, . . . , am ) and b = (b1, . . . , bn ) are such that

f = det(x Im − F ) = x m −a1 x m−1+a2 x m−2− · · ·+ (−1)m am x 0

g = det(x In −G ) = x n − b1 x n−1+ b2 x n−2− · · ·+ (−1)n bn x 0.

Note the alternating signs and reverse indexing from the usual indexing of polynomial coefficients.

Equivalently, the coefficient ai is the coefficient of x m−i in the polynomial det(x Im + F ) (and

similarly with bi and G ).
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Example 65. Let m = n = 2. We will construct the entry D2 in Asym. First, we have that

h2 =
∏

I⊂{1,2}, #I=2
j∈{1,2}

�

x +
∏

i∈I

�

αi −β j

�

�

(x + (α1−β1)(α2−β1))(x + (α1−β2)(α2−β2)).

Then, we set

D2 = x 2+ (−a1b1+ b 2
1 +2a2−2b2)x +a 2

1 b2−a1a2b1−a1b1b2+a2b 2
1 +a 2

2 −2a2b2+ b 2
2 ,

where a1, a2, b1, b2 are the respective coefficients of the characteristic polynomials of F and

G . One can then verify that D2(a , b , x ) = h2(α,β , x ) by expressing a1, a2, b1, b2 in terms of the

eigenvalues α and β . △

Now we are ready to state our main result.

Theorem 66 (Symmetric polynomials approach for generic pairs of matrices). Let F ∈Rm×m

and G ∈Rn×n be a generic pair of real symmetric matrices. We have

GEC (F,G ) = Csym Asym(F,G ).

Remark 67. Note that the matrix Csym is entirely numeric and depends only on m. In addition,

the vector Asym depends on the sign variation count of the polynomials Dr , whose coefficients

are polynomials in the entries of F and G . Hence, the right-hand side of the above contains no

references to the eigenvalues of F and G and is therefore quantifier-free.

Remark 68. The reader may notice that the main theorem in this section is stated almost

identically to Theorem 30 which appeared in the previous section. However, they are completely

different results, as C and A are defined as completely different concepts for each approach. The

main theorem in this section is based on the theory of symmetric polynomials while the main

theorem in the previous section is based on the signature of matrices. However, in both theorems,

there is a combinatorial part and an algebraic part; hence, we structure the theorem statements

similarly to emphasize the super-structural similarities and the conceptual differences.

Example 69 (General case with parametric matrices). Let m = 4 and n = 2 and let F and G be
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parametric matrices with each entry being an independent parameter; that is, let

F =











a1,1 a1,2 a1,3 a1,4

a1,2 a2,2 a2,3 a2,4

a1,3 a2,3 a3,3 a3,4

a1,4 a2,4 a3,4 a4,4











, G =

�

b1,1 b1,2

b1,2 b2,2

�

,

where each ai j and bi j is an independent parameter. We will now use Theorem 66 to write a

condition on these parameters so that the eigenvalues of F and G are arranged as in the following

picture.

α1 α2 α3 α4β1 β2

That is, we will find a quantifier-free condition for GEC(F,G ) =











1

1

0

0











. By Theorem 66, we have

GEC(F,G ) =











1

1

0

0











⇐⇒











1

1

0

0











=Csym Asym(F,G ).

In Example 63 we found that

Csym =











− 1
4 0 1

4
1
2

0 1
4 0 − 3

4
1
4 0 − 1

4
1
2

1
8 − 1

8
1
8 − 1

8











.

From Definition 64 we have

Asym(F,G ) =











v (D1)

v (D2)

v (D3)

v (D4)











,
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where each Dr can be computed using Definition 64 as in Example 65. Hence we have that

GEC(F,G ) =











1

1

0

0











⇐⇒











1

1

0

0











=











− 1
4 0 1

4
1
2

0 1
4 0 − 3

4
1
4 0 − 1

4
1
2

1
8 − 1

8
1
8 − 1

8





















v (D1)

v (D2)

v (D3)

v (D4)











.

Solving the linear system above gives the solution











v (D1)

v (D2)

v (D3)

v (D4)











=











3

7

5

1











.

We therefore have that

GEC(F,G ) =











1

1

0

0











⇐⇒











v (D1)

v (D2)

v (D3)

v (D4)











=











3

7

5

1











.

Since each Dr is a polynomial with coefficients which are themselves coefficients in the parame-

ters ai j and bi j , the right-hand side of the above is quantifier-free. △

Example 70 (Matrices with only one parameter). In Example 69, we studied F and G which

were symmetric matrices, each of whose elements was an independent parameter. However, it

need not be the case that each entry is an independent parameter. We would, for instance, have

the entries of both matrices be polynomials in some smaller list of parameters. Consider, for

example, the matrices

F =

�

1 −2

−2 1

�

and

G =







1 p 2+p p +1

p 2+p −p p −1

p +1 p −1 p






,

where p is a (single) parameter. Suppose we wish to know for which values of p the eigenvalues
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of the matrix G interlace with that of F ; that is, when GEC(F,G ) = (1,1). By Theorem 66 and

Definition 62, we have that

GEC(F,G ) =

�

1

1

�

⇐⇒

�

1

1

�

=Csym Asym(F,G )

⇐⇒

�

1

1

�

=

�

0 1
1
2 − 1

2

��

v (D1)

v (D2)

�

,

where each Dr is the symmetric polynomial hr written in terms of p using the Fundamental

Theorem of Symmetric Polynomials; i.e.,

h1(α,β , x ) =
�

x +α1−β1

� �

x +α2−β1

� �

x +α1−β2

� �

x +α2−β2

� �

x +α1−β3

� �

x +α2−β3

�

D1(p , x ) = x 6+4x 5+
�

−2p 4−4p 3−8p 2−10
�

x 4+
�

2p 5−6p 4−16p 3−20p 2−2p −38
�

x 3

+
�

p 8+4p 7+12p 6+20p 5+14p 4−12p 3−4p +13
�

x 2

+
�

−2p 9−2p 8+4p 7+28p 6+64p 5+16p 4−44p 3+28p 2−22p +58
�

x

+p 10−2p 9−11p 8−12p 7−30p 6−32p 5−42p 4−4p 3+69p 2−14p +13

h2(α,β , x ) =
�

x +
�

α1−β1

� �

α2−β1

�� �

x +
�

α1−β2

� �

α2−β2

�� �

x +
�

α1−β3

� �

α2−β3

��

D2(p , x ) = x 3+
�

2p 4+4p 3+8p 2−6
�

x 2

+
�

p 8+4p 7+12p 6+12p 5+6p 4−12p 3−48p 2+4p +5
�

x

+p 10−2p 9−11p 8−12p 7−30p 6−32p 5−42p 4−4p 3+69p 2−14p +13.

Note that each v (Dr ) can be readily written in terms of p using Descartes’ rule of signs. △

In algorithm form, Theorem 66 can be stated as follows.

Algorithm 71 (Condition for EC: symmetric polynomials approach).

In: F ∈R[p ]m×m and G ∈R[p ]n×n , symmetric, where p is a finite list of parameters

c ∈Nm , eigenvalue configuration

Out: P, quantifier-free condition on p such that c =GEC (F,G )

1. For r = 1, . . . , m do

(a) Yr ←−
¦

�

i1, . . . , ir , j
�

: 1≤ i1 < · · ·< i r ≤m ∧ 1≤ j ≤ n
©

(b) hr ←−
∏

I⊂[m ], #I=r
j∈[n ]

�

x +
∏

i∈I

�

αi −β j

�

�

∈Z[α,β ][x ]
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(c) ur ←− FTSP(hr , [α1, . . . ,αm ], [β1, . . . ,βn ]) ∈Z[γ,δ][x ]

(d) dr ←− ur

�

[coeffz 0(det(z Im + F )), . . . , coeffz m−1(det(x Im + F ))] ,

[coeffz 0(det(x In +G )), . . . , coeffz n−1(det(x In +G ))] , x
�

∈Z[p ][x ]

2. T ←−matrix in Zm×m where Tr,s =
m
∑

t=1

�

m − t

r − t

�

(−2)t−1

�

s

t

�

3. y ←− T c

4. P ←−
∧

1≤r≤m

v (dr ) = yr

5. Return P

Algorithm 72 (FTSP).

In : h ∈R[α,β ][x ], a polynomial symmetric in variables α= (α1, . . . ,αm ) and β = (β1, . . . ,βn )

Out: u ∈R[γ,δ][x ] such that h = u
�

[e1(α), . . . , em (α)] ,
�

e1(β ), . . . , en (β )
�

, x
�

2.3.2 Proof

In this subsection, we will prove Theorem 66 (Symmetric polynomials approach for generic

matrices). The proof is structured as follows.

1. First, in Lemmas 74 through 79, we establish a bijective combinatorial correspondence

between the number of positive roots of the h polynomials from Definition 64 and the

eigenvalue configuration vector.

2. Then, in Proposition 80, we use the fact that the polynomials hr are symmetric in the

eigenvalues α and β of F and G , respectively, to rewrite them in terms of the coefficients

of the characteristic polynomials of F and G . This step eliminates all references to the

eigenvalues and therefore concludes the proof.

We will repeatedly revisit the following running example throughout the proof.

Example 73 (Running example). Let

F =

�

4 0

0 4

�

∈R2×2 G =







2 0 0

0 2 0

0 0 8






∈R3×3.
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Then their respective eigenvalues are

α= (4, 4) β = (2, 2, 8)

α1

α2

β1

β2

β3

So,

GEC(F,G ) =

�

c1

c2

�

=

�

0

1

�

.

△

Lemma 74 (Transform). We have

c =GEC (F,G ) =⇒ y = Tm c

where

yr = # positive roots of hr , counting multiplicity

(Tm )r s = #{ I ⊂ [m ] : #I = r ∧ #{i ∈ I : i ≤ s } is odd}

hr =
∏

I⊂[m ], #I=r
j∈[n ]

�

x +
∏

i∈I

�

αi −β j

�

�

from Definition 64.

Example 75 (Running example). Recall Example 73, where we had F and G such that

GEC(F,G ) =

�

0

1

�

.

Using the fact that the respective eigenvalues of F and G are α= (4, 4) and β = (2, 2, 8), together

with the definition of hr from Definition 64, we compute

h1 =
∏

I⊂[2], #I=1
j∈[3]

�

x +
∏

i∈I

�

αi −β j

�

�

=
�

x +α1−β1

� �

x +α2−β1

� �

x +α1−β2

� �

x +α2−β2

� �

x +α1−β3

� �

x +α2−β3

�

= (x +2)4(x −4)2

h2 =
�

x +
�

−β1+α1

� �

−β1+α2

�� �

x +
�

−β2+α1

� �

−β2+α2

�� �

x +
�

α1−β3

� �

α2−β3

��
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= (x +4)2(x +16).

We therefore have

y1 = # positive roots of h1, counting multiplicity= 2

y2 = # positive roots of h2, counting multiplicity= 0.

On the other hand, using the definition of Tm we construct

T2 =

�

1 2

1 0

�

.

Therefore

T2c =

�

1 2

1 0

��

0

1

�

=

�

2

0

�

= y .

△

Proof of Lemma 74. Assume that c =GEC (F,G ). It suffices to show y = Tm c . Recall that

yr = # positive roots of hr , counting multiplicity.

Equivalently, using the definition of hr , we have

yr = #

¨

(i1, . . . , ir , j ) ∈ Yr :
r
∏

p=1

�

αip
−β j

�

< 0

«

,

where

Yr = {(i1, . . . , ir , j ) : 1≤ i1 < · · ·< ir ≤m ∧ j ∈ [n ]}.

We proceed by repeatedly rewriting the definition of yr , with the goal of expressing it in terms

of the eigenvalue configuration vector. We begin with the definition of yr .

yr = #

¨

�

i1, . . . , ir , j
�

∈ Yr :
r
∏

p=1

�

αip
−β j

�

< 0

«

Note that for each (i1, . . . , ir ) satisfying 1≤ i1 < · · ·< ir ≤m , we also have (i1, . . . , ir , j ) ∈ Yr simply

by appending each j = 1, . . . , m . Hence, we can rewrite this action of counting over the set Yr as
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a summation over all such tuples (i1, . . . , ir ). Thus we obtain

yr =
∑

1≤i1<···<ir≤m

#

¨

j :
r
∏

p=1

�

αip
−β j

�

< 0

«

We can then introduce another summation by partitioning the set on the right-hand side

depending on which interval As each β j belongs to.

yr =
∑

1≤s≤m

∑

1≤i1<···<ir≤m

#

¨

j :β j ∈ As ∧
r
∏

p=1

�

αip
−β j

�

< 0

«

Then, we eliminate the product symbol by observing that the product
∏r

p=1(αip
−β j ) is negative

if and only if there are an odd number of p ’s such that αip
−β j < 0, or equivalently αip

<β j .

yr =
∑

1≤s≤m

∑

1≤i1<···<ir≤m

#
�

j :β j ∈ As ∧ #
�

p :αip
<β j

	

is odd
	

Next, we use the fact that the α’s are indexed in ascending order, and we note that αip
<β j if

and only if ip ≤ s , since β j ∈ As . Thus

yr =
∑

1≤s≤m

∑

1≤i1<···<is≤m

#
�

j :β j ∈ As ∧ #
�

p : ip ≤ s
	

is odd
	

Now, note that if #{p : ip ≤ s } is even, then the size of the set in the summand is zero. If

#{p : ip ≤ s } is odd, then the size of the set in the summand equals #{ j : β j ∈ As }, which is

exactly cs . Hence

ys =
∑

1≤s≤m

∑

1≤i1<···<ir≤m

¨

0 if #
�

p : ip ≤ s
	

is even

cs if #
�

p : ip ≤ s
	

is odd

Next, we factor out the cs and move it outside the innermost summation.

yr =
∑

1≤s≤m

∑

1≤i1<···<ir≤m

�¨

0 if #
�

p : ip ≤ s
	

is even

1 if #
�

p : ip ≤ s
	

is odd
cs

�

=
∑

1≤s≤m

�

∑

1≤i1<···<ir≤m

¨

0 if #
�

p : ip ≤ r
	

is even

1 if #
�

p : ip ≤ r
	

is odd

�

cs
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Then, we fold the conditional into the summation.

yr =
∑

1≤s≤m









∑

1≤i1<···<ir≤m
#{p :ip≤s} is odd

1









cs

Since the innermost summand is just a summation of 1’s, we can view it as counting the

elements of the set {(i1, . . . , ir ) : 1≤ i1 < · · ·< ir ≤m ∧ #{p : ip ≤ s } is odd}. Rewriting this, we see

that

#{(i1, . . . , ir ) : 1≤ i1 < · · ·< ir ≤m ∧ #{p : ip ≤ s } is odd}= #{I ⊂ [m ] : #I = r ∧ #{i ∈ I : i ≤ s } is odd}

= (Tm )r s .

Hence

yr =
∑

1≤s≤m

(Tm )r s cs .

Note this is just the multiplication of the vector c = (c1, . . . , cm )T by the matrix Tm whose entries

are defined as above. Thus







y1
...

ym






=







(Tm )11 · · · (Tm )1m
...

...

(Tm )m1 · · · (Tm )mm













c1
...

cm







that is

y = Tm c .

Therefore

c =GEC (F,G ) =⇒ y = Tm c .

Now, we will establish the other direction of the correspondence between c and y . To do

this, we will give a closed-form expression for Tm , and show that it is invertible.

Lemma 76. We have Tm = LmUm where

(Lm )r t =

�

m − t

r − t

�

(Um )t s = (−2)t−1

�

s

t

�

.
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In particular, we have that Tm is an invertible matrix.

Example 77 (Running example). In Example 75, we found that

T2 =

�

1 2

1 0

�

.

Observe that

det(T2) = 0−2=−2 ̸= 0,

and so T2 is invertible. △

Proof of Lemma 76. It suffices to prove that det (Tm ) ̸= 0. We prove it in several stages. First, we

establish a recurrence relation for the entries of Tm , and then apply that to decompose Tm into

a product of triangular matrices to more easily compute the determinant.

Claim 1: We have

(Tm )r s =























































s if (r, s ) ∈ {1}× {1, . . . , m}
¨

0 if s is even

1 if s is odd
if (r, s ) ∈ {m}× {1, . . . , m}











�

m

r

�

if r is odd

0 if r is even

if (r, s ) ∈ {2, . . . , m −1}× {m}

(Tm−1)r−1,s + (Tm−1)r,s if (r, s ) ∈ {2, . . . , m −1}× {1, . . . , m −1}.

Proof of the claim: There are four cases in the above. We will prove them one by one.

1. (r, s ) ∈ {1}× {1, . . . , m}.

By definition, we have

(Tm )1s = #{ I ⊂ [m ] : #I = 1 ∧ #{i ∈ I : i ≤ s } is odd}.

Since we are only considering #I = 1, then #{i ∈ I : i ≤ s } can only be zero or one. If that

quantity is zero, then (Tm )1,s is zero, since zero is even. If instead #{i ∈ I : i ≤ s }= 1, then

the single element of I is between 1 and s , so there are s choices for that element. Thus,
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in this case (Tm )1,s = s . Together, we have that

(Tm )1s =







0 if s is even.

1 if s is odd.

2. (r, s ) ∈ {m}× {1, . . . , m}.

By definition, we have

(Tm )m s = #{ I ⊂ [m ] : #I =m ∧ #{i ∈ I : i ≤ s } is odd}

=

¨

1 if s is odd

0 if s is even.

3. (r, s ) ∈ {2, . . . , m −1}× {m}.

By definition of (Tm )r s we have

(Tm )r m = #{ I ⊂ [m ] : #I = r ∧ #{i ∈ I : i ≤m} is odd}.

But i ≤m for all i ∈ I trivially, so #{i ∈ I : i ≤m}= #I = r . Therefore

(Tm )r m = #{ I ⊂ [m ] : #I = r ∧ #{i ∈ I : i ≤m} is odd}

= #{I ⊂ [m ] : #I = r ∧ r is odd}

=

¨

#{I ⊂ [m ] : #I = r } if r is odd

#{} if r is even

=











�

m

r

�

if r is odd

0 if r is even.

4. (r, s ) ∈ {2, . . . , m −1}× {1, . . . , m −1}.

By definition, we have

(Tm )r s = #{ I ⊂ [m ] : #I = r ∧ #{i ∈ I : i ≤ s } is odd}.

We now partition the set we are counting into disjoint sets with m ∈ I and m ̸∈ I . Then

we have

(Tm )r s = #{ I ⊂ [m ] : #I = r ∧ m ∈ I ∧ #{i ∈ I : i ≤ s } is odd}
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+#{ I ⊂ [m ] : #I = r ∧ m ̸∈ I ∧ #{i ∈ I : i ≤ s } is odd}.

If m ∈ I , then I \ {m} ⊂ [m − 1]. In addition, we still have that #{i ∈ I : i ≤ s } is odd,

because s <m . These are exactly the tuples that are counted by (Tm−1)r−1,s ; thus

#{ I ⊂ [m ] : #I = r ∧ m ∈ I ∧ #{i ∈ I : i ≤ s } is odd} = (Tm−1)r−1,s .

On the other hand, if m ̸∈ I , then I ⊂ [m −1] and again #{i ∈ I : i ≤ s } remains odd. These

tuples are counted by (Tm )r,s , and so

#{ I ⊂ [m ] : #I = r ∧ m ̸∈ I ∧ #{i ∈ I : i ≤ s } is odd} = (Tm−1)r,s .

Putting those together, we get that

(Tm )r s = (Tm−1)r−1,s + (Tm−1)r,s .

We have proved Claim 1.

Claim 2: We have

Tm = LmUm

where

(Lm )r t =

�

m − t

r − t

�

and (Um )t s = (−2)t−1

�

s

t

�

;

that is, for 1≤ r, s ≤m we have

(Tm )r s =
m
∑

t=1

�

m − t

r − t

�

(−2)t−1

�

s

t

�

.

Proof of the claim. It suffices to show

(Tm )r s =
m
∑

t=1

(Lm )r t (Um )t s

We proceed by induction on m . Note that when m = 1, we have

1= (T1)11 =

�

1−1

1−1

�

(−2)1−1

�

1

1

�

= L1U1.

For the induction hypothesis, suppose the claim is true for some m −1. We will prove the claim

for m . There are four cases in the above. We will prove them one by one.
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1. (r, s ) ∈ {1}× {1, . . . , m}.

We have

m
∑

t=1

(Lm )1t (Um )t s

=
m
∑

t=1

�

m − t

1− t

�

(−2)t−1

�

s

t

�

=

�

m −1

1−1

�

(−2)1−1

�

s

1

�

since

�

m − t

1− t

�

= 0 for t > 1

= s

= (Tm )1s

2. (r, s ) ∈ {m}× {1, . . . , m}.

We have

m
∑

t=1

(Lm )m t (Um )t s

=
m
∑

t=1

�

m − t

m − t

�

(−2)t−1

�

s

t

�

=
s
∑

t=1

(−2)t−1

�

s

t

�

since

�

s

t

�

= 0 for t > s

=
1

−2

�

−1+
s
∑

t=0

(1)s−t (−2)t
�

s

t

��

by the binomial theorem

=
1

−2

�

−1+ (1−2)s
�

by the binomial theorem

=

¨

1 if s is odd

0 if s is even

= (Tm )m s

3. (r, s ) ∈ {2, . . . , m −1}× {m}.

We have

m
∑

t=1

(Lm )r t (Um )t m =
n
∑

t=1

�

m − t

r − t

�

(−2)t−1

�

m

t

�

=
m
∑

t=1

(m − t )!
(m − r )! (r − t )!

(−2)t−1 m !

(m − t )!t !
expanding
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=
m
∑

t=1

m !

(m − r )!
1

(r − t )!t !
(−2)t−1 cancelling terms

=
m
∑

t=1

m !

(m − r )!r !

r !

(r − t )!t !
(−2)t−1 multiplying by r !/r !

=
m
∑

t=1

�

m

r

��

r

t

�

(−2)t−1

=

�

m

r

�

m
∑

t=1

�

r

t

�

(−2)t−1 rearranging

=

�

m

r

��

1

−2

�

−1+
m
∑

t=0

�

r

t

�

(1)r−t (−2)t
��

binomial thm.

=

�

m

r

�

�

1

−2

�

−1+ (1−2)r
�

�

binomial thm.

=











�

m

r

�

if r is odd

0 if r is even

= (Tm )r m

4. (r, s ) ∈ {2, . . . , m −1}× {1, . . . , m −1}.

Recall that we have

(Tm )r s = (Tm−1)r−1,s + (Tm−1)r,s .

By the induction hypothesis, we have

(Tm )r s =
m−1
∑

t=1

(Lm−1)r−1,t (Um−1)t ,s +
m−1
∑

t=1

(Lm−1)r,t (Um−1)t ,s by def. of L and U

=
m−1
∑

t=1

(Lm−1)r−1,t (Um−1)t ,s + (Lm−1)r,t (Um−1)t ,s combining sums

=
m−1
∑

t=1

((Lm−1)r−1,t + (Lm−1)r,t )(Um−1)t ,s factoring

=
m−1
∑

t=1

��

m −1− t

r −1− t

�

+

�

m −1− t

r − t

��

(Um−1)t ,s by def. of L

=
m−1
∑

t=1

�

m − t

r − t

�

(Um−1)t ,s Pascal’s rule

=
m−1
∑

t=1

(Lm )r,t (Um−1)t ,s by def. of L .
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But (Um−1)t ,s does not depend on m . Thus (Um−1)t ,s = (Um )t ,s . Hence

(Tm )r s =
m−1
∑

t=1

(Lm )r,t (Um )t ,s

=
m−1
∑

t=1

(Lm )r,t (Um )t ,s +

�

m −m

r −m

�

(−2)r−1

�

s

m

�

︸ ︷︷ ︸

=0 since s<m

=
m
∑

t=1

(Lm )r,t (Um )t ,s .

We have proved Claim 2.

Now note that Lm is lower triangular, since if s > r then r − s < 0 and so
�

m−s
r−s

�

= 0. Similarly, Um

is upper triangular, since if r > s then
�

s
r

�

= 0. Further, we have

det(Lm ) =
m
∏

t=1

(Lm )t t =
m
∏

t=1

�

m − t

t − t

�

=
m
∏

t=1

�

m − t

0

�

=
m
∏

t=1

1= 1,

and

det(Um ) =
m
∏

t=1

(Um )t t =
m
∏

t=1

(−2)t−1

�

t

t

�

=
m
∏

t=1

(−2)t−1 = (−2)0+1+···+m−1 = (−2)(
m
2 ).

Thus we have

det(Tm ) = det(Lm )det(Um ) = (−2)(
m
2 ) ̸= 0.

Hence Tm is invertible.

Next, we establish the relationship between Csym and the matrix Tm ; in particular, they are

inverses of each other.

Proposition 78. We have that Csym = T −1
m .

Proof. Recall from Defintion 62 that Csym =Vm Wm where

(Vm )r t =
(−1)r−1

2t−1

�

t

r

�

and (Wm )t s = (−1)t+s

�

m − s

m − t

�

.

Recall again from Lemma 76 that Tm = LmUm where

(Lm )r t =

�

m − t

r − t

�

and (Um )t s = (−2)t−1

�

s

t

�

.
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Note that

T −1
m = (LmUm )

−1 =U −1
m L−1

m ;

hence, to show that Csym = T −1
m , it suffices to show that

1. VmUm = Im

2. Lm Wm = Im

where Im denotes the m ×m identity matrix.

1. VmUm = Im : We have that the (r, s )-entry of VmUm is

(VmUm )r s =
∑

t

Vr t Ut s

=
∑

t

(−1)r−1

2t−1

�

t

r

�

(−2)t−1

�

s

t

�

=
∑

t

(−1)r+t

�

t

r

��

s

t

�

=
∑

u

(−1)u
�

u + r

r

��

s

u + r

�

reindexing with t = u + r

=
∑

u

(−1)u
(u + r )!

r !u !

s !

(u + r )!(s −u − r )!

=
∑

u

(−1)u
s !

r !u !(s −u − r )!
·
(s − r )!
(s − r )!

by multiplying by
(s − r )!
(s − r )!

=
∑

u

(−1)u
s !

r !(s − r )!
(s − r )!

u !(s − r −u )!
grouping terms

=
∑

u

(−1)u
�

s

r

��

s − r

u

�

=

�

s

r

�

∑

u

(−1)u
�

s − r

u

�

(1)s−r−u

=

�

s

r

�

(1−1)s−r binomial thm.

=







1 if s = r

0 if s ̸= r

=δr,s .

Since the (r, s )-entry of VmUm is δr,s , it follows that VmUm = Im .
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2. Lm Wm = Im : We have that the (r, s )-entry of Lm Wm is

(Lm Wm )r s =
∑

t

(Lm )r t (Wm )t s

=
∑

t

�

m − t

r − t

�

(−1)t+s

�

m − s

m − t

�

=
∑

u

�

m − r +u

u

�

(−1)r−u+s

�

m − s

m − r +u

�

reindexing t = r −u

=
∑

u

(−1)r−u+s (m − r +u )!
u !(m − r )!

(m − s )!
(m − r +u )!(r − s −u )!

=
∑

u

(−1)r−u+s

�

(m − s )!
u !(m − r )!(r − s −u )!

�

·
(r − s )!
(r − s )!

multiplying by
(r − s )!
(r − s )!

=
∑

u

(−1)r−u+s (r − s )!
u !(r − s −u )!

(m − s )!
(m − r )!(r − s )!

grouping terms

=
∑

u

(−1)r−u+s

�

r − s

u

��

m − s

m − r

�

= (−1)r+s

�

m − s

m − r

�

∑

u

(−1)u
�

r − s

u

�

(1)r−s−u

= (−1)r+s

�

m − s

m − r

�

(1−1)r−s binomial thm.

=







1 if r = s

0 if r ̸= s

=δr,s .

Since the (r, s )-entry of Lm Wm is δr,s , it follows that Lm Wm = Im .

Hence, we have shown that VmUm = Im and Lm Wm = Im , and therefore

Csym =Vm Wm

=U −1
m L−1

m

= (LmUm )
−1

= T −1
m .

Now, we can summarize Lemmas 74 and 76 and Proposition 78 into the following lemma.
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Lemma 79. We have

GEC(F,G ) = Csym y .

Proof. Lemma 76 shows that Tm is invertible, hence Tm is a 1-1 linear map. Proposition 78

shows that Csym = T −1
m . Therefore, we have that

T −1
m y =Csym y = c =⇒ GEC(F,G ) = c .

Together with Lemma 74, this means that GEC(F,G ) = T −1
m y = Csym y , and the lemma is

proved.

At this point, we have found an equivalent condition for GEC(F,G ) = c . However, this

condition still contains quantifiers, as the vector y (via the h polynomials) is still computed

using the eigenvalues of F and G . The remainder of the derivation will focus on solving this

issue by providing a way to count the positive roots of the h polynomials without referring to

the eigenvalues.

Recall that, for each r ∈ [m ], the polynomial hr is symmetric with only real roots. This is the

crucial fact which allows us to construct another polynomial Dr involving only the parameters

of F and G rather than their eigenvalues. This will give us a quantifier-free condition.

Proposition 80. Let α= (α1, . . . ,αm ), and similarly for β , a , and b . For each r ∈ [m ], there exists

a polynomial Dr ∈R[a , b ][x ] such that

Dr (a , b , x ) = hr (α,β , x ).

Proof. Let r ∈ [m ] be arbitrary but fixed. For the purposes of this proof, we view hr as being a

polynomial in the variables

α= (α1, . . . ,αm ),

β = (β1, . . . ,βn ),

x ,

with real number coefficients. Recall from Definition 64 that

hr =
∏

I⊂[m ], #I=r
j∈[n ]

�

x +
∏

i∈I

�

αi −β j

�

�

.

Note that by construction hr is symmetric in both α and β . We will now apply the Fundamental

Theorem of Symmetric Polynomials. For this, let ek (α) denote the k -th elementary symmetric
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polynomial in the variables α= (α1, . . . ,αm ); that is,

ek (α) =
∑

1≤i1<···<ik≤m

αi1
· · ·αik

.

Let e (α) denote the list of all elementary symmetric polynomials; i.e.,

e (α) = (e1(α), . . . , em (α)),

and respectively for ek (β ) and e (β ).

Recall that by the Fundamental Theorem of Symmetric Polynomials, since hr is symmetric

in α and β this means that there exists a polynomial

Dr ∈Z[y1, . . . , ym , z1, . . . , zn , x ]

such that

Dr (e (α), e (β ), x ) = hr (α, β , x ).

Recall from Definition 64 that a = (a1, . . . , am ) and b = (b1, . . . , bm )were the coefficients of the

respective characteristic polynomials f and g of F and G labelled so that

f = det(x Im − F ) = x m −a1 x m−1+a2 x m−2− · · ·+ (−1)m am x 0

g = det(x In −G ) = x n − b1 x n−1+ b2 x n−2− · · ·+ (−1)n bn x 0.

With this labelling of the coefficients of f and g , we have that

a1 =
∑

1≤i1≤m

αi1
=α1+ · · ·+αm = e1(α)

a2 =
∑

1≤i1<i2≤m

αi1
αi2
= e2(α)

...

am =
∑

1≤i1<···<im≤m

αi1
· · ·αim

=α1 · · ·αm = em (α).

Similarly

b1 = e1(β )
...

bn = en (β ).
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Hence, we have that

hr (α,β , x ) =Dr (e1(α)
︸︷︷︸

a1

, . . . , em (α)
︸ ︷︷ ︸

am

, e1(β )
︸︷︷︸

b1

, . . . , en (β )
︸︷︷︸

bn

, x )

=Dr (a , b , x ) ∈R[a , b ][x ].

With that, we are ready to prove Theorem 66 (Symmetric polynomials approach for generic

pairs of matrices).

Proof of Theorem 66.

Let y =







y1
...

ym






= Tm c . For each r ∈ [m ], by Proposition 80 there exists Dr ∈R[a , b ][x ] such

that

Dr (a , b , x ) = hr (α,β , x ).

Recall that, by definition of y , we have

yr = # positive roots of hr (x ), counting multiplicity

= # positive roots of Dr (x ), counting multiplicity by Proposition 80

= v (Dr (x )) by Corollary 7

By the above and Lemma 79, we have that

GEC(F,G ) = T −1
m y

= T −1
m







v (D1)
...

v (Dm )







=Csym Asym(F,G ).

Thus Theorem 66 is proved.
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Chapter 3
Arbitrary Pairs of Symmetric Matrices

In this chapter, we will extend the results from the previous chapter on generic pairs of matrices

to arbitrary pairs of matrices.

3.1 Problem Statement

In this section, we will state the problem precisely for arbitrary pairs of matrices.

Defining eigenvalue configuration for arbitrary pairs of matrices

In Section 2.1, we gave a definition (Definition 22) of eigenvalue configuration for generic pairs

of matrices F and G . Next, the challenge is to extend this definition to pairs of matrices which

are not generic (that is, matrices which share eigenvalues) in such a way that Theorems 30

and 66 still hold for input matrices which are not generic.

In the generic eigenvalue definition, we count eigenvalues of G which lie between the

open intervals spanned by adjacent eigenvalues of F ; thus, if F and G share eigenvalues, some

eigenvalues of G will not be counted. Hence, we need to expand this definition for matrices

which share eigenvalues.

The key observation we can make in this case is that if the pair F and G is not generic, then

sufficiently small perturbation of their eigenvalues results in a new pair of matrices which

is generic. One natural idea is then to define the eigenvalue configuration for arbitrary (i.e.

non-generic) pairs of real symmetric matrices as the average of the eigenvalue configurations

of the generic “neighbor” configurations, those being the configurations that can be obtained

by slightly perturbing the eigenvalues.
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Definition 81 (Eigenvalue configuration of arbitrary matrices). Let F and G be real symmetric

matrices. The eigenvalue configuration of F and G , written as EC (F,G ), is defined as

EC(F,G ) =
1

2m

∑

d∈{−1,1}m
GEC (Fd ,G )

where

ϵ = “small enough” positive number (see Remark below)

Fd =matrix with eigenvalues αi + ϵdi for i = 1, . . . , m.

Remark 82. Some notes on Definition 81:

1. The number ϵ is “small enough” if no eigenvalue of F is perturbed far enough to cross

over the next or previous eigenvalue. We will explicitly construct a suitable value for ϵ in

Lemma 86 in the next section.

2. Note that the pairs Fd and G are generic for all d ∈ {−1, 1}m .

3. If the pair F and G is generic, then GEC(Fd ,G ) =GEC(F,G ). This is because ϵ is chosen so

that eigenvalues of F do not move far enough to cross any other eigenvalues; hence, the

arrangement of the eigenvalues of generic matrices is not disturbed. Therefore EC(F,G ) =

GEC(F,G ), and so the generic eigenvalue configuration definition (Definition 22) is a

special case of this one.

Example 83 (Eigenvalue configuration of arbitrary matrices). Let F ∈R3×3 and G ∈R2×2 be real

symmetric matrices such that their corresponding eigenvalues are

α= (0, 1, 1), β = (1, 2).

Pictorially, the eigenvalue arrangement is as shown in the diagram below.

α1 α2

α3

β1

β2

Let ϵ = 0.5 (which can be verified to satisfy Definition 81). Now, for each d ∈ {−1,1}3, we

compute the eigenvalue configuration of Fd and G in the tables below. Note that each pair Fd
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and G is generic.

d Picture GEC(Fd ,G )

−−−







0

0

2







−−+







0

1

1







−+−







0

1

1







−++







1

0

1







d Picture GEC(Fd ,G )

+−−







0

0

2







+−+







0

1

1







++−







0

1

1







+++







1

0

1







Then, applying Definition 81, we have

EC(F,G ) =
1

2m

∑

d∈{−1,1}m
GEC(Fd ,G ) =

1

23






2







0

0

2






+4







0

1

1






+2







1

0

1












=

1

8







2

4

10






=







1/4

1/2

5/4.






.

△

Stating the problem

Now, we state the eigenvalue configuration problem for arbitrary pairs of matrices.

Problem 84 (Arbitrary eigenvalue configuration problem).

In: F ∈R[p ]m×m and G ∈R[p ]n×n , arbitrary pair of symmetric matrices where p is a finite set

of parameters.

c ∈Qm , an eigenvalue configuration.

Out: a quantifier-free condition on p such that c = EC (F,G ).

All the considerations discussed in Section 2.1 still apply.
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3.2 Signature Approach

In this section, we will generalize Theorem 30 (Signature approach for generic pairs of matrices)

from the previous chapter to arbitrary pairs of matrices.

3.2.1 Main Theorem

In this subsection, we state the theorem for arbitrary pairs of matrices.

Theorem 85 (Signature approach for arbitrary pairs of matrices). Let F ∈Rm×m and G ∈Rn×n

be arbitrary real symmetric matrices. We have

EC (F,G ) = Csig Asig(F,G ),

where Csig and Asig are defined as in Definitions 26 and 28, respectively.

3.2.2 Proof

In this subsection, we will prove the above theorem (Theorem 85). We take the following

approach.

1. In Lemma 87, we reduce to the case where n = 1; that is, where G is a 1×1 matrix.

2. In Lemma 89, we prove Theorem 85 for the case n = 1.

3. Finally, in Lemma 91, we build back up from the n = 1 case to arbitrary n . The proof is

then complete.

Our strategy is illustrated by the following diagram.

EC(F,G ) ?== Csig Asig(F,G )

Lemma 87
















 Lemma 91

∑n
j=1 EC(F, [β j ]) ==

∑n
j=1 CsigAsig(F, [β j ])

Lemma 89
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First, let us revisit Definition 81. For real symmetric matrices F and G , we have

EC(F,G ) =
1

2m

∑

d∈{−1,1}m
GEC(Fd ,G )

where

ϵ = “small enough” positive number

Fd =matrix with eigenvalues αi + ϵdi for i = 1, . . . , m .

First, we show that Definition 81 can always be satisfied. To do this, we explicitly construct ϵ

and Fd .

Lemma 86 (Explicit construction of Definition 81). Let F and G be real symmetric matrices. Let

ϵ =
1

2
min

i , j







1 if αi =β j

|αi −β j | if αi ̸=β j

Fd = F +A diag(ϵd )AT for d ∈ {−1, 1}m

A = orthonormal matrix such that F = A diag(α1, . . . ,αm )A
T .

Then Definition 81 is satisfied.

Proof. First, note that since F is real symmetric, it admits an orthogonal eigendecomposition.

Hence there exists an orthogonal matrix A so that

F = A diag(α)AT .

Then, for d ∈ {−1, 1}m , we have

Fd = F +A diag(d )AT

= A diag(α)AT +A diag(ϵd )AT

= A
�

diag(α)+diag(ϵd )
�

AT .

Thus the eigenvalues of Fd are exactly αi + ϵdi , which satisfies Definition 81.

To conclude, let

ϵ =
1

2
min

i , j







1 if αi =β j

|αi −β j | if αi ̸=β j

.

It remains to show that this ϵ satisfies Definition 81. By construction, this ϵ is strictly less than
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the minimum distance between αi and β j over all i and j . Since the eigenvalues of Fd are

exactly αi + ϵdi =αi ± ϵ, this means that no eigenvalue of F travels far enough to cross over an

eigenvalue of G . Hence, the condition of Definition 81 is satisfied, and we are done.

Having established that Definition 81 can always be satisfied, we can now proceed.

Lemma 87 (Decompose EC into eigenvalues). For all real symmetric F and G we have

EC(F,G ) =
n
∑

j=1

EC(F, [β j ]).

Example 88 (Running). Recall from the running example that the matrix F has the eigenval-

ues (α1,α2,α3) = (0, 1, 1) and G has eigenvalues (β1,β2) = (1,2). We computed in Example 83

that

EC(F,G ) =







1/4

1/2

5/4






.

On the other hand, by applying Definition 81 directly, we have that

EC(F, [β1]) =







1/4

1/2

1/4







EC(F, [β2]) =







0

0

1






,

and

EC(F, [β1])+EC(F, [β2]) =







1/4

1/2

1/4






+







0

0

1






=







1/4

1/2

5/4







= EC(F,G ).

△

Proof of Lemma 87. We break the proof into two cases.

Case 1: F and G are generic. Recall Definition 22:

EC(F,G ) =GEC(F,G ) = (c1, . . . , cm )where ct = #{ j :β j ∈ At }.
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Note that

ct = #{ j :β j ∈ At }

=
n
∑

j=1







1 if β j ∈ At

0 else,

and the summand is exactly the t -th component of EC(F, [β j ]).

Case 2: F and G are not generic. Recall Definition 81:

EC(F,G ) =
1

2m

∑

d∈{−1,1}m
GEC(Fd ,G ).

Note that the pair Fd and G is generic. Then we have

EC(F,G ) =
1

2m

∑

d∈{−1,1}m
GEC(Fd ,G ) by Definition 81

=
1

2m

∑

d∈{−1,1}m

n
∑

j=1

GEC(Fd , [β j ]) by Case 1

=
n
∑

j=1

1

2m

∑

d∈{−1,1}m
GEC(Fd , [β j ])

︸ ︷︷ ︸

= EC(F, [β j ]) by Definition 81

=
1

2m

n
∑

j=1

EC(F, [β j ]).

Lemma 89 (n = 1). Let F be an arbitrary real symmetric matrix and let β ∈R. Then

EC(F, [β ]) =Csig Asig(F, [β ]).

Example 90 (Running). Let F = diag(0, 1, 1) and let β = 1. In Example 88, we found via Defini-

tion 81 that

EC(F, [β ]) =







1/2

1/4

1/2






.
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On the other hand, using Definitions 26 and 28 directly, we have

CsigAsig(F, [β ]) =V H −1































σ( f000(G ))

σ( f001(G ))

σ( f010(G ))

σ( f011(G ))

σ( f100(G ))

σ( f101(G ))

σ( f110(G ))

σ( f111(G ))































=







0 0 0 0 1 1 1 0

1 1 0 1 0 0 0 0

0 0 0 0 0 0 0 1





































1 1 1 1 1 1 1 1

−1 1 −1 1 −1 1 −1 1

−1 −1 1 1 −1 −1 1 1

1 −1 −1 1 1 −1 −1 1

−1 −1 −1 −1 1 1 1 1

1 −1 1 −1 −1 1 −1 1

1 1 −1 −1 −1 −1 1 1

−1 1 1 −1 1 −1 −1 1































−1





























1

1

0

0

0

0

0

0































=







1/4

1/2

1/4






.

△

Proof of Lemma 89. Note that if F and G are generic (i.e. β is not an eigenvalue of F ), then

Theorem 30 applies and this lemma immediately follows as a special case.

Thus, for the remainder of this proof, suppose that F and G are not generic. In other words,

assume that the eigenvalues of F are

α1 ≤ · · · ≤αl <αl+1 = · · ·=αl+µ <αl+µ+1 ≤ · · · ≤αm ,

where αl+1 = · · · = αl+µ = β . That is, suppose that β is an eigenvalue of F of multiplicity µ,

starting at index l +1 in the list of eigenvalues of F (repeated with multiplicity).

To prove the lemma, we will show that

EC(F, [β ]) =Csig Asig(F, [β ]) =
1

2µ

µ
∑

k=0

�

µ

k

�

el+µ−k . (3.1)
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We will first simplify the left-hand side; i.e., we will simplify

EC(F, [β ])

by opening up Definition 81. We have

EC(F, [β ]) =
1

2m

∑

d∈{−1,1}m
GEC(Fd ,G ) by Definition 81

=
1

2m

∑

d∈{−1,1}m
Csig Asig(Fd , [β ]) by Theorem 82, since Fd and [β ] are generic

=
1

2m

∑

d∈{−1,1}m
V

1
∑

j=1

γd , j by Lemma 55

=
1

2m

∑

d∈{−1,1}m
em−v (sseq fd

(β ),+) by Claim 2.10 in Lemma 61, with fd = det(x Im − Fd ).

Next, we will examine the term v (sseq fd
(β ),+). Recall that by construction, the eigenvalues of

Fd are αi + ϵdi for i ∈ {1, . . . , m}. Recall from Lemma 43 that

v (sseq fd
(β ),+) = #{i :αi + ϵdi >β}.

Note further that αi + ϵdi >β if and only if either

1. αi >β ,

2. or αi =β and di > 0.

This means that

#{i :αi + ϵdi >β}= #{i :αi >β}+ #{i : di > 0 ∧ αi =β}

=m − (l +µ) + #{i : di > 0 ∧ αi =β}

=m − l −µ + #{i : di > 0 ∧ i ∈ {l +1, . . . , l +µ}}.

Thus, continuing from above we have

EC(F, [β ]) =
1

2m

∑

d∈{−1,1}m
em −v (sseq fd

(α),+)

=
1

2m

∑

d∈{−1,1}m
em−(m−l−µ + #{i :di>0 ∧ i ∈{l+1, ..., l+µ}}) by substituting the above

=
1

2m

∑

d∈{−1,1}m
el +µ − #{i :di>0 ∧ i ∈{l+1, ..., l+µ}}.
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Next, we will partition the sum by the values of #{i : di > 0 ∧ i ∈ {l +1, . . . , l +µ}}. The possible

values for this term are 0 through µ inclusive. Further, for fixed k ∈ {0, . . . , k}, the number of

d ∈ {−1,1}m so that #{i : di > 0 ∧ i ∈ {l +1, . . . , l +µ}}= k is exactly 2m−µ
�

µ
k

�

(i.e. by choosing

the arbitrary m−µ entries, then independently choosing k of the µ remaining positive entries).

Therefore

EC(F, [β ]) =
1

2m

∑

d∈{−1,1}m
el+µ−#{i :di>0 ∧ i∈{l+1,...,l+µ}}

=
1

2m

µ
∑

k=0

2m−µ
�

µ

k

�

el+µ−k

=
1

2µ

µ
∑

k=0

�

µ

k

�

el+µ−k .

This is the same as (3.1), so we are done with the left-hand side.

Now, we will simplify the right-hand side by rewriting the expression

Csig Asig(F, [β ]).

Recall that by Lemma 55 we have

Csig Asig(F, [β ]) =V γ

where

γ=
1

#S

∑

s∈S

es

where S =
�

s ∈ {−,+}m : sseq(β ) ∈ cl(s )
	

. Hence we have

Csig Asig(F, [β ]) =V γ=V

�

1

#S

∑

s∈S

es

�

=
1

#S













#{s ∈ S : v (s ,+) =m −1}
#{s ∈ S : v (s ,+) =m −2}

...

#{s ∈ S : v (s ,+) =m −m}













.

Recall the proof of Lemma 55 for more detailed reasoning on the last step.
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Next, fix t ∈ {1, . . . , m}. We will consider the t -th element of the above vector; that is,

1

#S
{s ∈ S : v (s ,+) =m − t }. (3.2)

Recall the definition of S from Lemma 55:

S = {s ∈ {−,+}m : sseq f (β ) ∈ cl(s )}.

Note that since β is a root of f with multiplicity µ, we have that

sseq f (β ) = (0, . . . , 0
︸ ︷︷ ︸

µ zeros

,ω),

whereω ∈ {−, 0,+}m−µ. Note thatω1 ̸= 0, because by assumption β has multiplicity exactly µ.

Let z denote the number of zeros inω. With this, we have that

S = {s ∈ {−,+}m : s and sseq f (β ) differ by one or more zeros}.

In other words, the set S is the set of sign sequences of length m which can be obtained from

sseq f (β ) by replacing each 0 with either + or −. Since there are µ+ z zeros in sseq f (β ), this

means that S has 2µ+z elements.

Further, by the same reasoning used in the proof of Lemma 61, we have the following

properties aboutω:

1. ω does not contain consecutive zeros; this is because any consecutive zeros inωwould

indicate a multiple root which propagates all the way upward (see Lemma 60), which

contradicts the fact thatω1 ̸= 0.

2. Zeros only appear inω as (. . . ,−,0,+, . . . ) or (. . . ,+,0,−, . . . ), because of the assumption

that f has only real roots.

Now, let s ∈ S . We will now rewrite v (s ,+) = v (s1, . . . , sm ,+). Note

v (s1, . . . , sm ,+)








 trivially, by splitting at sµ+1

v (s1, . . . , sµ, sµ+1) + v (sµ+1, . . . , sm ,+)








 sinceω1 ̸= 0, so sµ+1 =ω1
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v (s1, . . . , sµ,ω1) + v (ω1, . . . , sm ,+)








 by above points 1 and 2

v (s1, . . . , sµ,ω1) + v (ω,+)








 since v (ω,+) = v (sseq(β ),+)

v (s1, . . . , sµ,ω1) + v (sseq(β ),+)








 since v (sseq(β ),+) = #{i :αi >β} by Lemma 43

v (s1, . . . , sµ,ω1) +#{i :αi >β}







 by the hypotheses of the current lemma

v (s1, . . . , sµ,ω1) +m − l −µ.

Now, substituting the above into (3.2) gives

1

#S
#{s ∈ S : v (s ,+) =m − t }=

1

2µ+z
#{s ∈ S : v (s ,+) =m − t }

=
1

2µ+z
#{s ∈ S : v (s1, . . . , sµ,ω1) +m − l −µ=m − t }

=
1

2µ+z
#{s ∈ S : v (s1, . . . , sµ,ω1) = l +µ− t }

Note that in counting #{s ∈ S : v (s1, . . . , sµ,ω1) = l +µ− t }, we choose the first µ entries so that

there are exactly l +µ− t sign variations, and we arbitrarily choose z zeros from theω part.

Hence

1

#S
#{s ∈ S : v (s ,+) =m − t }=

1

2µ+z
2z

�

µ

l +µ− t

�

=
1

2µ

�

µ

l +µ− t

�

.

Now, we return to the full vector form for V γ. Note that in the below, we use the conven-

tion that m-dimensional standard unit vectors ei are zero when i ̸∈ {1, . . . , m} and binomial

coefficients are likewise zero when the denominator is out of range. With this, we have

Csig Asig(F, [β ]) =V γ
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=
1

2µ

∑

t

�

µ

l +µ− t

�

et

=
1

2µ

∑

k

�

µ

k

�

el+µ−k by reindexing with k = l +µ− t

=
1

2µ

µ
∑

k=0

�

µ

k

�

el+µ−k since the summand is zero when k ̸∈ {1, . . . , m}.

This is exactly the same as (3.1); as a result, we have shown that

EC(F, [β ]) =
1

2µ

µ
∑

k=0

�

µ

k

�

el+µ−k =Csig Asig(F, [β ])

and we are done.

In the next lemma, we show that
∑n

j=1 Csig Asig(F, [β j ]) equals Csig Asig(F,G ).

Lemma 91. Let F and G be arbitrary real symmetric matrices. Let β1, . . . ,βn be the eigenvalues

of G , including multiple eigenvalues. Then

n
∑

j=1

Csig Asig(F, [β j ]) =Csig Asig(F,G ).

Proof of Lemma 91. Let F and G be arbitrary and let β1, . . . ,βn be the eigenvalues of G . Note

n
∑

j=1

CsigAsig(F, [β j ]) =Csig

n
∑

j=1

Asig(F, [β j ]).

Hence it suffices to show that

n
∑

j=1

Asig(F, [β j ]) = Asig(F,G ).

Recall that for any two matrices F and G , the column vector Asig(F,G ) is defined as the vector

indexed by e ∈ {0, 1}m where

(Asig(F,G ))e =σ( fe (G ))

= #{ j : fe (β j )> 0}−#{ j : fe (β j )< 0}.
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Hence

(Asig(F, [β j ]))e =







1 if fe (β j )> 0

−1 if fe (β j )< 0.

Note further that

(Asig(F,G ))e = #{ j : fe (β j )> 0}−#{ j : fe (β j )< 0}

=
n
∑

j=1







1 if fe (β j )> 0

0 else
−

n
∑

j=1







1 if fe (β j )< 0

0 else
by splitting each # into a summation

=
n
∑

j=1







1 if fe (β j )> 0

−1 if fe (β j )< 0
combining the summations

=
n
∑

j=1

σ
�

fe

�

[β j ]
��

by definition ofσ

=
n
∑

j=1

(Asig(F, [β j ]))e by Lemma 89.

Since this holds for all e ∈ {0, 1}m , we have

n
∑

j=1

Asig(F, [β j ]) = Asig(F,G ),

and we are done.

With that, we are now ready to prove Theorem 85 (Signature approach for arbitrary real sym-

metric matrices).

Proof of Theorem 85. Let F and G be arbitrary real symmetric matrices. Then

EC(F,G )








 by Lemma 87

n
∑

j=1

EC(F, [β j ])








 by Lemma 89
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n
∑

j=1

Csig Asig(F, [β j ])








 by Lemma 91

CsigAsig(F,G ).

3.3 Symmetric Polynomials Approach

In this section, we will generalize Theorem 66 (Symmetric polynomimals approach for generic

pairs of matrices) from the previous chapter to arbitrary pairs of matrices.

3.3.1 Main Theorem

In this subsection, we state the theorem for arbitrary pairs of matrices.

Theorem 92 (Symmetric polynomials approach for arbitrary pairs of matrices). Let F ∈Rm×m

and G ∈Rn×n be arbitrary real symmetric matrices. We have

EC (F,G ) = Csym Asym(F,G ),

where

1. Csym is the m ×m matrix defined as in Definition 62

2. Asym is the column vector of length m whose r -th entry is

(Asym)r = v (Dr ),

where v is defined as

v (Dr ) = v (Dr ) +
taildeg(Dr )

2
,

where taildeg(Dr ) denotes the multiplicity of zero as a root of Dr .

Remark 93. Note that the only difference between the above theorem statement and that of

Theorem 66 is the use of v instead of simply v . It is easily seen from the definition of Dr that, if F

and G are a generic pair, then taildeg(Dr ) = 0 for all r ; therefore the above theorem reduces to

Theorem 66 for generic pairs F and G .
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Example 94. Let F ∈R3×3 and G ∈R2×2 be real symmetric matrices such that their corresponding

eigenvalues are

α= (0, 1, 1), β = (1, 2).

Pictorially, the eigenvalue arrangement is as shown below.

α1 α2

α3

β1

β2

In Example 83, we computed directly from Definition 81 that

EC(F,G ) =







1/4

1/2

5/4.







On the other hand, we compute

Csym =







− 1
4

1
4

3
4

1
4

1
4 − 3

4
1
4 − 1

4
1
4







Asym(F,G ) =







v (D1)

v (D2)

v (D3)






=







v
�

x 6−5x 5+9x 4−7x 3+2x 2
�

v
�

x 6+5x 5+8x 4+4x 3
�

v
�

x 2−2x
�






.

For example, consider v
�

x 6+5x 5+8x 4+4x 3
�

. We have

v
�

x 6+5x 5+8x 4+4x 3
�

= v (x 6+5x 5+8x 4+4x 3) +
taildeg(x 6+5x 5+8x 4+4x 3)

2

= 0+
3

2

= 3/2.

Repeating this process for the other two entries of Asym(F,G ), we find that

Asym(F,G ) =







5

3/2

3/2






.

95



Observe now that

CsymAsym(F,G ) =







− 1
4

1
4

3
4

1
4

1
4 − 3

4
1
4 − 1

4
1
4













5

3/2

3/2







=







1/4

1/2

5/4







= EC(F,G ).

△

Example 95. Let F ∈R3×3 and G ∈R3×3 be real symmetric matrices such that their corresponding

eigenvalues are

α= (0, 0, 0), β = (0, 0, 0).

Pictorially, the eigenvalue arrangement is as shown below.

α1

α2

α3

β1

β2

β3

Using Definition 81, one can compute that

EC(F,G ) =







9/8

9/8

3/8






.
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On the other hand, we compute

Csym =







− 1
4

1
4

3
4

1
4

1
4 − 3

4
1
4 − 1

4
1
4







Asym =







v
�

x 9
�

v
�

x 9
�

v
�

x 3
�






.

For example, consider v
�

x 9
�

. We have

v
�

x 9
�

= v (x 9) +
taildeg(x 9)

2

= 0+9/2

= 9/2.

Repeating this process for the other two entries of Asym, we find that

Asym =







9/2

9/2

3/2






.

Observe now that

CsymAsym =







− 1
4

1
4

3
4

1
4

1
4 − 3

4
1
4 − 1

4
1
4













9/2

9/2

3/2







=







9/8

9/8

3/8







= EC(F,G ).

△

3.3.2 Proof

In this subsection, we will prove the above theorem (Theorem 92). We take the following

approach.
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1. First, we invoke Lemma 87 from the section on the signature algorithm (Section 3.2) to

reduce to the case where n = 1 (i.e., where G is a 1×1 matrix).

2. Second, in Lemma 97 we prove the above theorem in the case where n = 1.

3. Finally, in Lemma 100, we build back up from the n = 1 case to arbitrary n . The proof is

then complete.

Our proof strategy is illustrated by the following diagram.

EC(F,G ) ?== Csym Asym(F,G )

Lemma 87
















 Lemma 100

∑n
j=1 EC(F, [β j ]) ==

∑n
j=1 CsymAsym(F, [β j ])

Lemma 97

Remark 96. Note that the proof strategy in this section is nearly identical to the strategy taken in

the signature approach for arbitrary pairs of matrices (Section 3.2).

First, we reduce to the case where n = 1 (i.e., where G is a 1×1 matrix). For this, we invoke

Lemma 87 from Section 3.2. Recall that Lemma 87 only used the definitions of EC and GEC

and did not refer to the signature approach specifically; hence, the lemma applies here as well.

Next, we prove the above theorem in the case where n = 1.

Lemma 97. Let F ∈Rm×m be arbitrary and let β ∈R. Then we have

EC(F, [β ]) =CsymAsym(F, [β ]).

Example 98. Let F = diag(0, 1, 1) and let β = 1. One can use Definition 81 to compute

EC(F, [β ]) =







1/2

1/4

1/2






.

On the other hand, using the definitions of Csym (from Definition 62) and Asym (from the statement
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of Theorem 92), we have

CsymAsym(F, [β ]) =







− 1
4

1
4

3
4

1
4

1
4 − 3

4
1
4 − 1

4
1
4













v (D1)

v (D2)

v (D3)







Note that for the purposes of easier numeric computation and reasoning, we can replace Dr in

the above with hr since we know the eigenvalues of F and G = [β ]. With this we can compute







v (D1)

v (D2)

v (D3)






=







v (h1)

v (h2)

v (h3)







=







v (h1) +
taildeg(h1)

2

v (h2) +
taildeg(h2)

2

v (h3) +
taildeg(h3)

2







=







v (x 3− x 2) + taildeg(x 3−x 2)
2

v (x 3) + taildeg(x 3)
2

v (x )+ taildeg(x )
2







=







1+2/2

0+3/2

0+1/2







=







2

3/2

1/2






,

and therefore

CsymAsym(F, [β ]) =







− 1
4

1
4

3
4

1
4

1
4 − 3

4
1
4 − 1

4
1
4













2

3/2

1/2







=







1/2

1/4

1/2







= EC(F, [β ]).

△
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Proof of Lemma 97. If F does not have β as an eigenvalue (i.e. F and [β ] are a generic pair),

then the lemma follows trivially by Theorem 66. Thus, for the remainder of the proof, suppose

that β is an eigenvalue of F . By definition 81, the left-hand side of the lemma claim is

EC(F, [β ]) =
1

2m

∑

d∈{−1,1}m
GEC(Fd , [β ])

=
1

2m

∑

d∈{−1,1}m
CsymAsym(Fd , [β ]) since Fd and [β ] are a generic pair

=Csym

1

2m

∑

d∈{−1,1}m
Asym(Fd , [β ]) by linearity.

Let hr,d (resp. Dr,d ) be the polynomial constructed via Definition 64 for the perturbed matrix Fd

and the matrix G = [β ]; that is,

hr,d =
∏

I⊂[m ]
#I=r

�

x +
∏

i∈I

�

(αi + ϵdi )−β
�

�

,

and respectively for Dr,d (being those polynomials hr,d expressed in terms of the entries of F

and G using the FTSP). Then for r ∈ [m ]we have

(Asym(Fd , [β ]))r = v (Dr,d )

= v (hr,d ) since by Def. 64 Dr,d (p ) = hr,d (α,β ).

Now, we examine the right-hand side of the lemma claim. Recall that Asym(F,G ) is defined

differently for generic pairs versus arbitrary pairs of matrices. Note that for r ∈ [m ]we have

(Asym(F, [β ]))r = v (Dr )

= v (Dr ) +
taildeg(Dr )

2
by the definition in Theorem 92

= v (hr ) +
taildeg(hr )

2
by the definition of Dr .

Let r ∈ [m ] be arbitrary but fixed. To prove the lemma, it therefore suffices to show that

1

2m

∑

d∈{−1,1}m
v (hr,d ) = v (hr ) +

taildeg(hr )
2

.

We approach this proof by studying the left-hand side of the above.
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Recall that

hr,d =
∏

I⊂[m ]
#I=r

�

x +
∏

i∈I

�

(αi + ϵdi )−β
�

�

.

Let M = {i :αi =β} and let

h=r,d =
∏

I⊂[m ]
#I=r

I∩M ̸=;

�

x +
∏

i∈I

�

(αi + ϵdi )−β
�

�

h ̸=r,d =
∏

I⊂[m ]
#I=r

I∩M=;

�

x +
∏

i∈I

�

(αi + ϵdi )−β
�

�

.

Then, clearly we have hr,d = h ̸=r,d h=r,d . Informally speaking, the polynomial h ̸=r,d comprises the

terms of hr,d which are invariant under perturbation, because it only involves α’s which do not

coincide with β . The polynomial h=r,d collects all the terms of hr,d which contain at least one α

which coincides with β , and therefore comprises all terms which are affected by perturbation

and depend on d .

For each I ⊂ [m ]with #I = r and I ∩M ̸= ;, let

I− = {i ∈ I :αi <β}

I0 = {i ∈ I :αi =β}

I+ = {i ∈ I :αi >β}.

Then, by construction I0 ̸= ; and I = I− ⊎ I0 ⊎ I+ and so we have

h=r,d =
∏

I⊂[m ]
#I=r

I∩M ̸=;

�

x +
∏

i∈I−

�

(αi + ϵdi )−β
�

∏

i∈I+

�

(αi + ϵdi )−β
�

∏

i∈I0

�

(αi + ϵdi )−β
�

�

.

Let

p (h=r,d ) = # positive roots of h=r,d .

Then, from the above we have

p (h=r,d ) = #{I :−(−1)#I−(1)#I+
∏

i∈I0

di = 1}.
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Note that since h=r,d is a polynomial with only real roots, by Descartes’ rule of signs we have

that v (h=r,d ) = p (h=r,d ). Hence it suffices to show that

1

2m

∑

d∈{−1,1}m
p (hr,d ) = p (hr,d ) +

taildeg(hr,d )
2

.

We first prove the following claim.

Claim: We have
1

2m

∑

d∈{−1,1}m
p (h=r,d ) = average

d∈{−1,1}m
p (h=r,d ) =

deg h=r,d

2
.

Proof of claim: For a concise notation, let SI ,d =−(−1)#I−(1)#I+
∏

i∈I0
di . With this notation, we

then have

p (h=r,d ) = #{I : SI ,d = 1}. (3.3)

Note that since αi + ϵdi ≠β for all i , we have that h=r,d has only nonzero real roots. Hence, for

each I and d , we have SI ,d =±1. Thus, to prove the claim, it suffices to show that

#{(I , d ) : SI ,d = 1} = #{(I , d ) : SI ,d =−1}.

It suffices to show that for every fixed I and d , there exists a unique d ′ so that

SI ,d =−SI ,d ′ .

Now let

I ⊂ [m ] such that #I = r and I ∩M ̸= ;

d ∈ {−1, 1}m

be fixed. Recall that I0 = {i :αi =β}= I ∩M ≠ ;. Now let k be the smallest element of I0. Then

let

d ′ = (d1, . . . , dk−1,−dk , dk+1, . . . , dm );

i.e., let d ′ be a copy of d but with the sign of the k -th entry flipped. Obviously, the map d 7→ d ′

is a 1-1 correspondence. Further, clearly SI ,d ′ =−SI ,d , since d and d ′ differ by exactly one sign

in the k th slot, and k ∈ I0. Hence, we have that

#{(I , d ) : SI ,d = 1} = #{(I , d ) : SI ,d =−1};

in other words, for fixed I , we have that exactly half of the d vectors give SI ,d = 1 while the other
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half give −1. Since the size of the set {−1, 1}m is 2m , this means that for fixed I , we have

#{d ∈ {−1, 1}m : SI ,d = 1}=
1

2
2m = 2m−1. (3.4)

Now, note that

1

2m

∑

d∈{−1,1}m
p (h=r,d ) =

1

2m

∑

d∈{−1,1}m
#{I : SI ,d = 1} by (3.3)

=
1

2m

∑

d∈{−1,1}m

∑

I⊂[m ]
#I=r

I∩M ̸=;

δSI ,d ,1 counting becomes sum

=
1

2m

∑

I⊂[m ]
#I=r

I∩M ̸=;

∑

d∈{−1,1}m
δSI ,d ,1 switching the order of summation

=
1

2m

∑

I⊂[m ]
#I=r

I∩M ̸=;

2m−1 by (3.4)

=
1

2

∑

I⊂[m ]
#I=r

I∩M ̸=;

1

=
1

2
deg h=r,d .

Note that the key step in the above was switching the order of summation and summing over d

inside first. This is because it is very difficult to reason when the summation over I is inside (i.e.

reasoning with fixed d ); it is much easier to reason that, for fixed I , exactly half of the pairs (I , d )

have SI ,d = 1. We explain this idea more in depth in Example 99. With this, the claim is proved.

To finish the proof of the lemma, recall that

h ̸=r,d =
∏

I⊂[m ]
#I=r

I∩M=;

�

x +
∏

i∈I

�

(αi + ϵdi )−β
�

�

.

Note that since h ̸=r,d involves only α’s which do not coincide with β , by a small enough choice

of ϵ (see Lemma 86 for details) we have that

sign((αi + ϵdi )−β ) = sign(αi −β ).
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Therefore

p (h ̸=r,d ) = v (h ̸=r,d ) by Descartes’ rule of signs

= v (hr ) by the discussion above

= p (hr ) by Descartes’ rule of signs, again.

Putting everything together, we therefore have

1

2m

∑

d∈{−1,1}m
v (hr,d ) =

1

2m

∑

d∈{−1,1}m
p (hr,d ) by Descartes’ rule of signs

=
1

2m

∑

d∈{−1,1}m
p (h ̸=r,d ) +p (h=r,d ) since hr,d = h ̸=r,d h=r,d

=
1

2m

∑

d∈{−1,1}m
p (hr ) +p (h=r,d ) since p (h ̸=r,d ) = p (hr ), by the discussion above

= p (hr ) +
1

2m

∑

d∈{−1,1}m
p (h=r,d ) since p (hr ) does not depend on d

= p (hr ) +
deg h=r,d

2
by the claim.

Finally, note that if we (by slight abuse of notation) substitute d = (0, . . . , 0) into the expression

for hr,d , we find that

taildeg(hr ) = taildeg(hr,0)

= taildeg
�

h ̸=r,0

�

+ taildeg
�

h=r,0

�

since hr,0 = h ̸=r,0h=r,0

= 0+ taildeg
�

h=r,0

�

since all roots of h ̸=r,0 are nonzero

= 0+deg
�

h=r,d

�

∀d , since plugging in d ̸= 0 preserves degree

= deg(h=r,d ).

Finally, if we continue from above, we have

p (hr ) +
deg h=r,d

2
= p (hr ) +

taildeg(hr )
2

by the above

= v (hr ) +
taildeg(hr )

2
by Descartes’ rule of signs

= v (hr ).
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Thus we have shown that

1

2m

∑

d∈{−1,1}m
v (hr,d ) = v (hr ) +

taildeg(hr )
2

,

which means that

EC(F, [β ]) =CsymAsym(F, [β ]).

Thus the lemma is proved.

Example 99. Since the proof of Lemma 97 is quite long and complicated, let us provide an

example to better illustrate the key idea which led to the above proof. The crucial observation in

the above proof was (3.4); that is, over all I and d , exactly half give SI ,d = 1.

Let us consider an example where F = diag(0, 0, 1) and β = 0. Using the notation established

in the proof above, we have m = 3 and M = {i : αi = β} = {1,2}. We will consider the case

where r = 2. Note

h=2,d =
∏

I⊂[3]
#I=2

I∩{1,2}̸=;

�

x +
∏

i∈I

(αi + ϵdi −β )

�

= (x + (α1+ ϵd1−β )(α2+ ϵd2−β ))
︸ ︷︷ ︸

I={1,2}

(x + (α1+ ϵd1−β )(α3+ ϵd3−β ))
︸ ︷︷ ︸

I={1,3}

(x + (α2+ ϵd2−β )(α3+ ϵd3−β ))
︸ ︷︷ ︸

I={2,3}

.

Note that each of the three terms in h=2,d is labelled with the corresponding I . For each I , we

compute the corresponding sets I−, I0, and I+.

I I− I0 I+

{1, 2} ; {1, 2} ;
{1, 3} ; {1} {3}
{2, 3} ; {2} {3}

Now, consider d = (d1, d2, d3) ∈ {−1, 1}3. Recall from the above proof that SI ,d =−(−1)#I−(1)#I+
∏

i∈I0
di .

We compute

S12,d =−(−1)0 (1)0 d1d2 =−d1d2

S13,d =−(−1)0 (1)1 d1 =−d1
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S23,d =−(−1)0 (1)1 d2 =−d2.

Finally, with this information, we now compute SI ,d for each I enumerated above and for

each d ∈ {−1,1}3. The table below is constructed as follows. The rows are indexed by the I sets,

where the leftmost column shows the decompositions I−, I0, and I+, the disjoint union of which

is I . The columns are indexed by d ∈ {−1,1}m . Each interior cell contains the entries of the d

vector which correspond to the indices in I0.Immediately below in the same cell is the sign

of SI ,d . For example, the top-left-most cell corresponds to I0{1, 2} and d =−−−, and so the cell

contains d1, d2 =−,−, and beneath it is the sign of SI ,d =− colored red. (Positive SI ,d are colored

green.) Each interior cell is also color-paired with the unique cell in the same row whose d vector

is obtained by reversing the sign of dk , where k is the smallest index in I0, as in the proof. For

example, in the top-left-most cell the first entry d1 = − is colored cyan and is paired with the

corresponding cell in the same row which has d1 =+.

I \d −−− −−+ −+− −++ +−− +−+ ++− +++

I− = ;
I0 = 12

I+ = ;

d1, d2 =−,−
SI ,d =−

−,−
−

−,+

+

−,+

+

+,−
+

+,−
+

+,+

−
+,+

−

I− = ;
I0 = 1

I+ = 3

d1 =−
SI ,d =+

−
+

−
+

−
+

+

−
+

−
+

−
+

−

I− = ;
I0 = 2

I+ = 3

d2 =−
SI ,d =+

−
+

+

−
+

−
−
+

−
+

+

−
+

−

The key takeaway of the above table is as follows. Observe that in each row, exactly half the cells

have a green plus in the bottom entry (the SI ,d value) and half have a red minus. This shows

that #{(I , d ) : SI ,d = 1}= #{(I , d ) : SI ,d =−1}. Further, in each row, there is exactly one cyan minus

and one cyan plus, and respectively for blue, red, and magenta. Each colored pair represents

the map d 7→ d ′ discussed in the proof, which is obtained by reversing the sign of the entry of d

corresponding to the smallest index in I0.

Finally, observe that summing over all (I , d ) corresponds to simply summing over the entire

table. If we sum down the rows first (i.e., summing over I with d held constant first), it is unclear

what the pattern is, if any. However, if we instead sum across the columns (i.e., summing over d

with I held constant), it is easy to see that exactly half the cells have SI ,d = 1 and the other half

have SI ,d =−1. This corresponds exactly with switching the order of summation in the previous

proof. △
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Finally, we build back up from the n = 1 case to arbitrary n .

Lemma 100. Let F and G be arbitrary real symmetric matrices. Then

n
∑

j=1

CsymAsym(F, [β j ]) =CsymAsym(F,G ).

Proof. Recall that

(Asym(F, [β j ]))r = v (Dr, j )

where

Dr, j =
∏

I⊂[m ],#I=r

�

x +
∏

i∈I

(αi −β j )

�

.

Note that we also have

Dr =
∏

I⊂[m ], #I=r
j∈[n ]

�

x +
∏

i∈I

(αi −β j )

�

=
∏

j∈[n ]

Dr, j .

Then

n
∑

j=1

(Asym(F, [β j ]))r =
n
∑

j=1

v (Dr, j )

=
n
∑

j=1

v (Dr, j ) +
taildeg(Dr, j )

2

=
n
∑

j=1

v (Dr, j ) +
1

2

n
∑

j=1

taildeg Dr, j

= v (Dr ) +
taildeg Dr

2
since Dr =

n
∏

j=1

Dr, j

= v (Dr ),

which is exactly the r -th element of Asym(F,G ). Therefore, we have

n
∑

j=1

CsymAsym(F, [β j ]) =Csym

n
∑

j=1

Asym(F, [β j ])

107



=CsymAsym(F, [β j ]).

Thus the proof is complete.

With that, we are now ready to prove Theorem 92 (Symmetric polynomials approach for arbi-

trary real symmetric matrices).

Proof of Theorem 92. Let F and G be arbitrary real symmetric matrices. Then

EC(F,G )








 by Lemma 87

n
∑

j=1

EC(F, [β j ])








 by Lemma 97

n
∑

j=1

Csym Asym(F, [β j ])








 by Lemma 100

CsymAsym(F,G ).
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